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How to understand “Limits of existence”?

Binding energies approaching zero

Resonances with a lifetime, measurable or only theoretical

Continuum states in general

Structure under sea level

In high density or high temperature environments

I choose to include structure and reaction processes

Reactions are un-avoidable to test, measure or infer structure
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Binding energies approaching zero

Halo behavior

Three-body scaling plot

Efimov effect, Borromean systems, etc.
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Figure 1: Scaling plot for two-body halos. The ratio of the halo and the po-
tential square radii as function of the scaled separation energy. The dashed
line is for an s-wave Yukawa wave function. The solid and dash-dotted
lines are for square-well and r−2-potentials. The thin horizontal lines in-
dicate where 50% of the wave function is outside the potential. Filled and
open symbols are experimental data or from theoretical calculations.
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Figure 2: Scaling plot for three-body halos. The dashed line is the Efimov
curve for ν = 0. Triangles and stars are for masses corresponding to 11Li
(9Li+n+n). Squares and circles are for 3

ΛH (Λ+n+p). Large closed triangle
and square are realistic points. Plus signs and crosses are for three different
particles with two scattering lengths while the third is varied. The arrows
indicate transitions between Borromean, tango and bound state regions.
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Figure 3: The mean square radius as function of the four and five-body
binding energies, all in dimensionless units. The trap sizes for four parti-
cles are bt = 230.942a0 (red lines with 4<), 2630.956a0 (black lines with 4>),
and bt = 372.073a0 (blue lines with 5) for five particles. Here a0 is the Bohr
radius. We show ground (solid) and excited states (long-dashed with parti-
cle numbers tagged with an *), and “classical” two-body radius (dotted (4)
and dot-dashed (5)) translated by Eq.(??).
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Structure under sea level

Outside dripline reefs could appear below the sea

For similar particles outside a core

Core + one particle is unbound the resonance energy ε

Energy for N − 1 particles is E = ε(N − 1) + v(N − 1)(N − 2)/2

v is the (negative) potential energy from the pairwise interaction

E < 0when ε < −v(N − 2)/2

Many particles may add their individually insufficient contribution

Reaching an N -body BOUND state then seems easy
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New shell structures, new magic numbers

Assume a Borromean system of two identical fermions and a core

More fermion pairs would often not lead to unbound systems

Specific numbers of pairs may form configurations of special stability

This is additional quantum stabilization due to special correlations

Magic numbers corresponding to new cluster combinations could arise

Close to threshold a system would correlate to avoid falling apart

At the edge of stability this marginal energy gain may lead to binding

Quantum halos stabilized by new shell structure is a possibility:
PLB 264 (1991) 238, NPA 537 (1992) 45.
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Theoretical ingredients for three particles

Hyperspherical adiabatic expansion method with hyperradius defined
in terms of massesmk, particle and centre-of-mass coordinates rk andR

mρ2 =
∑

kmk(rk −R)2 = 1
mi+mk+mj

∑

i<j mimjr
2
ij

The differential equation for one decoupled radial wavefunction is

[

−
d2

dρ2
+
λ(ρ) + 15/4

ρ2
+Q(ρ)−

2mE

~2

]

f(ρ) = 0 ,

The total wavefunction ψ and the diagonal coupling Q are

ψ =
1

ρ5/2
f(ρ)φ(ρ,Ω) , Q(ρ) = 〈φ|

∂2

∂ρ2
|φ〉Ω ,

where the angular coordinates, wavefunction, eigenvalue are Ω, φ, λ
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Figure 4: The real parts of the four lowest adiabatic effective potentials, in-
cluding the three-body potentials, as functions of ρ for the 0+ and 1+ reso-
nances of 12C. The two-body interaction is a slightlymodified version of the
Ali-Bodmer potential. The three-body Gaussian potentials, S exp(−ρ2/b2),
have b = 6 fm and −S = 20, 92MeV for 0+ and 1+, respectively.
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Effective potentials

Short-distance is inside clusters, reduce degrees of freedom

Attraction providing bound state or resonance

Barrier providing width

Asymptotic large-distance structure providing momentum distribution

Decay mechanism or dynamic evolution

Sequential through intermediate substructure

Direct into three-body continuum

Dynamic evolution
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Decay mechanism exemplified by 12C states
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Figure 5: The four lowest radial wavefunctions as functions of ρ for each of
the two 0+-resonances of 12C at 0.38 MeV and 3.95 MeV above threshold
or at excitation energies of 7.63 MeV and 11.2 MeV. Ratios and the small-
distance dominating wavefunctions are given for both states.
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Figure 6: The α-particle energy distribution for the 1+ resonance of 12C
at 5.43 MeV above threshold at an excitation of 12.71 MeV. The energy
is measured in units of the maximum possible, i.e. 2 × 5.43/3 MeV. The
thick solid and dashed curves are for coordinate space wavefunctions at
ρ = 70, 100 fm. The thin curves are contributions from separate adiabatic
potentials. The momentum space computation (described below) fall on
top of the ρ = 100 fm curve (thick dashed). The histogram is the experi-
mental distribution from Diget et al..
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The 9Be(5/2−)-resonance.
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Figure 7: Scheme of the experimentally known levels of 9Be below 6 MeV
of excitation energy.
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Figure 8: The real parts for θ = 0.1 of the lowest potentials, including the
three-body potential, for the 0.856 MeV 9Be(5/2−)-resonance (horizontal
full line) as function of ρ.
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Systematics of low-energy 9Be resonances
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Figure 9: Scheme of the different Jacobi coordinates for 9Be. Each set of co-
ordinates is complete and any function can be expressed in either of them.
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One state, different basis, 8Be(2+) or 5He(p3/2) and
5He(p1/2).
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Figure 10: The partial wave decomposition in the two Jacobi coordinates of
the dominating (96%) first adiabatic potential for the 9Be(5/2−)-resonance.
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Figure 11: The two lowest energy levels for 9Be (a), and 9B (b), and the
resonance energies of the corresponding two-body subsystems. For 9B the
quoted 1/2+ state corresponds to the estimation obtained in this work. The
widths of the resonances are represented by the shadowed regions.
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Figure 13: The partial wave decomposition of the lowest adiabatic angular
wave function for 9Be (thick) and 9B (thin) as function of hyperradius ρ. The
partial angular momenta lx and ly correspond to the coordinates indicated
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Figure 14: Width of the resonances for 9Be and 9B as function of the energy
which is varied through the strength V0 of the three-body potential. The
solid and dashed curves are the WKB results with a knocking rate corre-
sponding to Γ0 = 0.6 MeV (Γ = Γ0 e

−2S) for both nuclei. The dot-dashed
curve results from complex scaling for 9B. The square and the circle are
from the R-matrix analysis in K. Sumiyoshi et al. NPA 709 (2002) 467 and
the table in Tilley et al., NPA 745, 155 (2004). respectively. The down trian-
gle is obtained by direct fit of the cross section in NPA 745, 155 (2002). The
triangles at about 2MeV are the first and second resonances of 9B.
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Dalitz plots

Theory and Experiments

Complete momentum distributions of all three particles

Detailed complete and accurate from measurements
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Figure 15: The real parts of the five lowest adiabatic effective potentials,
including 3-body potential, as a function of the hyperradius for the 0+ (left)
and 2+ (right) resonances of 6Be.
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Figure 16: The computed Dalitz plots for the non-sequential part of the
6Be(0+) decaying resonance, compared to the measured distribution from
Papka et al., unpublished. Shown is the distribution of α-energy versus
proton-energy.
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Figure 17: The computed Dalitz plots for the non-sequential part of the
6Be(0+) decaying resonance, compared to the measured distribution from
Papka et al., unpublished. Shown is the distribution of one proton-energy
versus the other proton-energy.
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Figure 18: The computed Dalitz plots for 12C (1+, 2−, 4−)-resonances, com-
pared to similar measured distributions. Unpublished Kirsebom et al.
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Figure 19: The 9Be resonances. Upper and lower parts are α-particle and
neutron energy distributions.
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Figure 20: The computed Dalitz plots for various 9Be resonances, compared
to similar measured distributions for the corresponding energy windows
from Brown et al., PRC 76, 054605 (2007).
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Ultimate Limits: Our Existence?

Triple alpha rate is of prime importance

Within high density or high temperature environments

Rates of creation of: 6He, 9Be and 12C

Bridging the A = 5, 8 gaps
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Astrophysical recombination processes

Three particles in the continuum combine into a bound state while emit-
ting a photon. The rate is:

Rabc(E) = ~
3

c2
8π

(µxµy)3/2

(

Eγ

E

)2
2gA

gagbgc
σγ(Eγ)

σ
(λ)
γ (Eγ) =

(2π)3(λ+1)
λ[(2λ+1)!!]2

(

Eγ

~c

)2λ−1
dB
dE

Photo-dissociation cross section σ
(λ)
γ (Eγ) of multipolarity λ,

and strength function dB
dE



31

Density and temperature dependence

Average of rate over energy for given temperature gives:

Pabc(ρ, T ) = nanbnc
~
3

c2
8π

(µxµy)3/2
gA

gagbgc
e
− B

kBT

× 1
(kBT )3

∫∞

|B|
E2

γσγ(Eγ)e
−

Eγ
kBT dEγ

ni = ρNAXi/Ai is density fraction of total ρ

Xi = NiMi/(NaMa +NbMb +NcMc),

Mi and Ni are mass and number of particle species i

Yi = Ni/(Na +Nb +Nc) is relative abundance
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Triple α-process
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Figure 21: Reaction rate for the triple α process with the full three-body
calculation (thick solid line) and the sequential approach (thick dashed line)
as described in the text. The corresponding contributions from the 0+ → 2+1
and 2+ → 0+1 transitions are given by the thin curves. The dotted line is the
contribution from the 2+ → 2+1 in the full three-body calculation. The open
circles correspond the rate given in Angulo et al.
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resonance is placed at 1.38 MeV (thick solid line), when the resonance is
removed from the calculation (thick dashed line), when the full contribu-
tion from the 2+ → 0+1 transition is excluded (thin solid line), and when
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Four-body recombination
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Figure 26: The strength functions for 9Be recombination from electromag-
netic and nuclear processes.
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Summary of issues

Limits to existence of light nuclei:

Binding energies approaching zero, scaling properties

Structure under sea level, reefs outside the driplines

Resonances and continuum states with a lifetime, 9Be(1/2+)

Triple alpha rates 12C(2+) and other three-body rates

Dynamical evolution, sequential and/or direct, Dalitz plots, 9Be, 6Be

Rates in high density or high temperature environments

Four-body rates as alternative astrophysical process
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Numerical and method requirements

Accuracy

Basis size, i.e. numbers of:

partial waves

adiabatic potentials

hyperspherical polynomials
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Figure 28: The dominating effective adiabatic potential for the lowest 0+
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Figure 29: Lowest adiabatic effective potential for the 3/2− resonance in
17Ne. Except for the last curve (thick-dot), the p-15O interaction is the one
described in NPA 733, 85 (2004). The different curves correspond to calcu-
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menta. The thin-dotted curve corresponds to the calculation presented in
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where the maximum allowed emission energy is used as unit. The left part
is for ρ=25 fm for different values of Kmax. The right part is for a very
large basis for increasing hyperradii. Only the lowest adiabatic effective
potential is used.
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