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Physics of weakly bound three-body systems

Charateristic phenomena three-body systems:

Thomas collapse (1935)   and    Efimov effect (1970)

ro 0                              |a|  

???          infinitely many weakly bound states

|a|/ro

Thomas-Efimov effect!
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One three-body scale is necessary to represent short-range physics !!!!



Three-boson wave function:  

Weakly bound system wave function & contact interaction
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Zero-range 3-boson equation: Thomas-Efimov effect

Skorniakov and Ter-Martirosian equations (1956)

Thomas collapse: 
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Efimov effect:  0

 0

Adhikari,TF,Goldman, PRL74 (1995) 487
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Scale invariance at the unitary limit

Solution:

Efimov equation:

G.S. Danilov, Sov. Phys. JETP 13 (1961) 349

One parameter to fix the solution  one 3-body scale!

s-wave:



Efimov Plot



Scaling limit:

Frederico et al PRA60 (1999)R9

Yamashita et al PRA66(2003)052702

Scaling limit & limit cycle

Limit cycle:

Mohr et al  Ann.Phys. 321 (2006)225

Efimov 1970

Scaling function



Efimov States – Bound and virtual  states (3 identical bosons)

[1] Th. Cornelius e W. Glöckle. J. Chem. Phys. 85, 1 (1996).

[2] S. Huber. Phys. Rev. A31, 3981 (1985).

[3] P. Barletta e A. Kievsky. Phys. Rev. A64, 042514 (2001).

[4] D. V. Fedorov e A. S. Jensen. J. Phys. A34, 6003 (2001).

[5] E. A. Kolganova, A. K. Motovilov e S. A. Sofianos. Phys. Rev. A56, R1686 (1997).

E2 bound

T. Frederico, LT, A. Delfino and E. A. Amorim. Phys. Rev. A60, R9 (1999).

N = 0

Cut

Subtraction

S-wave [1]

S + D waves [1]

[2]

[3]

[4]

[5]

4He3
bound

virtual

Range correction: Thogersen, Fedorov, Jensen PRA78(2008)020501(R) 

Scaling plot



Scaling functions: Correlation between observables

Correlation between S-wave observables

Phillips plot: triton B.E. versus doublet scattering length

2nd order n-d polarization observables versus triton B.E.

Trapped atomic trimer B.E. versus recombination rate 

Scaling limit:

Frederico et al PRA60 (1999)R9

Yamashita et al PRA66(2003)052702

Limit cycle:

Mohr et al  Ann.Phys. 321 (2006)225

Scaling function



11Li 

Two neutron weakly bound three-body halo nuclei

core

n n

core-neutron-neutron halo nuclei

11Li   14Be  20C 22C

Binding energy ~ MeV or < MeV

Rnn(Exp) ~ 6 - 8 fm (11Li) 

F. M. Marqués et al. Phys. Rev. C 64, 061301 (2001)

M. Petrascu et al. Nucl. Phys. A 738, 503 (2004)Tanihata et al., PRL55, 2676 (1985)

6-8 fm

< 3 fm

4-5 fm

20C 22C



Scales of s-wave n-n-c system: contact interaction

Energy of the bound/virtual nn system

Energy of the bound/virtual nc system

Energy of the Nth state of the nnc system

A = mass of the core



Classification scheme

BORROMEAN TANGO

SAMBA ALL-BOUND

bound state

virtual state

Yamashita, Tomio and T. F. Nucl. Phys. A 735, 40 (2004)

nn halo

nn halo
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Root mean square radii

Scaling functions for the radii
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Root mean square radii: Core+neutron+neutron

Yamashita, Tomio and T. F. 

NPA 735, 40 (2004)

Exp:

Canham and Hammer 

NPA 836 (2010) 275



More on n-n-c Samba Nuclei…

dipole strength

Estimatives from  Yamashita, Frederico, Hussein, MPLA22(2006)1749



Neutron-neutron correlation function

Radii are experimentally extracted from

correlation function

R. Hanbury-Brown and R. Q. 

Twiss (HBT) - NATURE

177, 27 (1956)

178, 1046 (1956)

178, 1447 (1956))

First used in astrophysics

Nuclear Physics
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Neutron-neutron correlation function
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F. M. Marqués et al.

Phys. Rev. C 64, 061301 (2001)

F. M. Marqués et al.

Phys. Lett. B 476, 219 (2000)

E3 = 1.337 MeV

EnA = 0.2 MeV

Enn = 0.143 MeV

asymptotic region ?

x1.425

Neutron-neutron correlation function

M. T. Yamashita, T. Frederico and L. Tomio Phys. Rev. C 72, 011601(R) (2005)



F. M. Marqués et al.

Phys. Rev. C 64, 061301 (2001)

M. Petrascu et al.

Nucl. Phys. A 738, 503 (2004)

E3 = 0.29 MeV

EnA = 0.05 MeV
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Neutron-neutron correlation function



Amorim,TF,Tomio PRC56(1997)2378

Threshold for an excited Efimov state: Halo-nuclei

Borromean

Samba

Tango

All-bound

Knn=(Bnn)
1/2

Knc=(Bnc)
1/2

nn virtual nn bound

nc

virtual

nc bound

Critical condition for an excited (N+1)-th Efimov state above the N-th one:

Canham and Hammer EPJ A 37 (2008) 367; NPA 836 (2010) 275

“First Evidence for a Virtual 18B Ground State” A. Spyrou et al Phys. Lett. B 683 (2010) 129
19B        Ev(

17B) < - 9 KeV S2n (19B)~ 500 +- 400 KeV

19B



Threshold for an excited Efimov state: molecules

Delfino et al., JCP 113 (2000) 7874

Kaa=(Baa)
1/2

Kab=(Bab)
1/2



Bound 3-body state

-E2
-E3

Virtual 3-body state

Three-body cutTwo-body cut

-E3
(N)

Three-body cut

Bound 2-body state

-E2

Virtual 3-body state

x

-E3 
(N+1)

X x

xX

Virtual 3-body state

x x

Three-bosons: analytic structure & Efimov state trajectory



Efimov States – Bound and virtual states (3 identical bosons)

Bound-states (lines with simbols)

With Plus - Fundamental state

With squares – 1st. excited

With diamonds – 2nd. excited

Virtual-states (just simbols)

circles – 1st. Excited state

triangles – 2nd. Excited state

the virtual state starts  (dotted line)

Virtual-state turns to an excited state (continuous line)

23
3

4
 

23  

ε2 bound

S. K. Adhikari, A. C. Fonseca and LT Phys. Rev. C27, 1826 (1983).



-E3
(N)

3-body Resonance

Three-body cut

x

Borromean configuration: analytic structure & Efimov state trajectory

Bound 3-body state

-E3 Three-body cut

Virtual 2-body state

X

X

3-body Resonance

-E3 
(N+1)

x x



Efimov state trajectory: borromean case

S-wave three-boson resonance 

Evidence of continuum resonances in recombination of ultracold Cs atoms

borromean

resonance

2

31 0297.0


mB
a 



Evidence of continuum resonances in ultracold cesium gas
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Threshold for an excited Efimov state and trajectory: 20C

20C  can have a continuum resonance or virtual Efimov state?

Arora, Mazumdar, Bhasin PRC69 (2004)061301(R)   Mazumdar, Rau, Bhasin PRL97(2006)062503

Efimov stateresonance of n+19C by changing Knc

18C

n n

E3 = 3.5 MeV

Enc = 160 ± 110 keV



Efimov state in 20C goes to a virtual state 

for  |E19C| >  165keV !

Threshold for an excited Efimov state and trajectory: 20C

Yamashita, Frederico,Tomio, 

PRL99 (2007)269201 Comment on”Efimov States and their Fano resonances...”

& PLB660(2008)339

Excited Efimov bound state

Virtual Efimov state

Excited Efimov bound state

Virtual Efimov state

Critical value: |E19C|=165keV



Pole in s-wave kcot(d) for n-d system ! Well known ~ 50 years

Delves’ 60, Van oers & Seagrave’ 67, Girard & Fuda’ 78

n-19C scattering and Efimov physics

Universal property!

The existence of the triton virtual 

state was found on the basis of the 

effective range expansion.

What to expect for s-wave scattering?

Look at doublet neutron-deuteron scattering…



200keV

850keV

n-19C scattering and Efimov physics



n-19C scattering and Efimov physics



n-19C scattering and Efimov physics

20C has an excited bound Efimov state

20C has a virtual Efimov state 



22C  =  n - n - 20C

= 3 fm

=



22C =  n - n - 20C

21C  virtual state energy 0, -10, -20 keV...  Enn=-143KeV

Virtual state 

energy 0 keV

=

Suggestion: is 21C slightly bound?



22C =  n - n - 20C

From Canham and Hammer EPJ A 37 (2008) 367

21C with a bound/virtual state with energy 0-10keV 

 It would be possible an excited Efimov state/continuum resonance!

22C

19B



Four-body scale: bosons

Thomas-Efimov effect: (low-mom. scale)/(high-mom. scale) 0

Yamashita, Tomio,  Delfino & Frederico

Four-boson scale near a Feshbach resonance. Europhys. Lett.75 (2006) 555

•Tetramer ground state moves as a short-range scale collapses to zero with the trimer is fixed!

•coupling between a closed and open channels many-body forces in the open channel

•Tetramer is fixed by the trimer information: 

Platter,  Hammer, & Meissner, 

Four-boson system with short-range interactions. Phys. Rev. A 70, 52101 (2004).        

Stecher, D’Incao &Greene, 

Signatures of universal four-body phenomena and their relation to the Efimov physics Nat.Phys. 5(09)417                           

Deltuva

Efimov physics in bosonic atom-trimer scattering, arXiv:1009.1295

•Empirical evidences for 3-body forces near a Feshbach resonance : 

Pollack,  Dries & Hulet  (7Li)

Universality in three- and four-body bound states of ultracold atoms. Science 326 (2009) 1683

Nakajima,  Horikoshi, Mukaiyama,  Naidon, & Ueda

Nonuniversal Efimov atom-dimer resonances in a three-component mixture of  6Li.

Phys. Rev. Lett.  105, 023201 (2010)

4-body force near the Feshbach resonance?



Trajectory of four-boson bound states: one scenario…

?!



Zero-range model n-n-c system: 

classification of weakly-bound systems

threshold conditions for excited states and resonances

borromean  configuration: Efimov state resonance

all-bound, Samba, Tango  (at least one subsystem is bound): Efimov state virtual state

Exploration of universality in scattering, breakup of halo nuclei and large molecules

Weakly bound & large systems: few scales regime in halo nuclei, molecules, trapped atoms 

Summary and outlook

Proton halo (Coulomb +contacts Higa, Hammer,Kolck NPA809(2008)171)

20C   Efimov state virtual state   E19C > 165 keV

n+19C scattering: pole in the s-wave phase-shift 

22C large nn halo S2n ~ 400keV  and 21C virtual/bound state few keV 

 Efimov continuum resonance/excited state 

P-wave  (6He=4He+2n) Bertulani, Hammer,Kolck NPA 712 (2002) 37

Neutron halo > 2: how many scales, how to describe few-neutrons+core dynamics...  

how many scales to describe few-particle weakly bound systems with short-range forces?  



Backup: n-19C scattering equations


