Introduction 1

Pion production

1 Introduction

We have seen that state-of-the-art self-consistent Hartree-Fock or shell model nuclear
structure calculations are not able to correctly reproduce the binding energy of 'Li
or "Be. However, it is possible to numerically adjust the binding energy to the mea-
sured experimental values. In this case, one is able to reproduce the large observed
interaction radii with reasonable accuracy [1]. The proton and neutron matter den-
sities obtained in this way are represented by the solid lines in the lower part of Fig.
1(a).

Due to the small binding energy and the large spatial extension of the neutrons
in the so-called “halo” [2], one expects the neutron momentum distribution to exhibit
a smaller width than in more deeply bound nuclei. This has indeed been observed in
several ways.

Kobayashi et al. [3] observed the fragmentation of 'Li with a radioactive
beam of energy 790 MeV /nucleon. Their experimental data for the transverse mo-
mentum distribution of °Li from the reaction "'Li — °Li + 2n can be found in the
bottom half of Fig. 1(b). It can be fitted with a superposition of two Gaussian dis-
tributions of widths weere = 95 £ 12 MeV/c and whao = 23 £ 5 MeV/c. By using
Goldhaber’s statistical model of the fragmentation process [4], they were able to
interpret the two widths as an indication that the neutron momentum distribution
inside the halo and the core of 1'Li are different. However, alternative explanations
of the two-widths shape of the transverse momentum distribution are possible [5],. It
is therefore wise to pursue other complementary ways of determining the momentum
and coordinate space structure of exotic nuclei. For example, one can also measure
the neutron momentum distribution in ''Li by detecting the neutrons from the decay
of 1Li [6, 7).

We will investigate the possibility to further determine the coordinate and
momentum space distribution of neutrons inside weakly bound isotope via pion pro-
duction with radioactive beams. In principle, pion production in nucleus-nucleus
collisions can be described with nuclear transport models developed during the last
decade [8, 9, 10]. These models have been very successful to describe particle pro-
duction in heavy ion collisions. The most used model is based on the BUU equation.
However, they are semi-classical in nature and therefore lack the capability to prop-
erly take into account the special nuclear structure features of weakly bound nuclei
near the drip line. It is therefore necessary to construct a more phenomenological
model. The model is not able to provide a complete time dependent description of
heavy ion reactions the way the above mentioned transport models can. But it is
more precise as far as utilizing nuclear structure information is concerned. Before, we
have shown a calculation similar to the ones presented in Refs. [12, 13, 14], but using
shell model nucleon densities and energy dependent cross sections. The calculations
are to due to Li, Bauer and Hussein [14].
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Figure 1 (a) Density distributions for 2C and ''Li. The solid lines are calculated with
the binding energy adjusted shell model. The dotted lines are the Gaussian fits to the

density profiles. (b) Upper figure: Calculated transverse momentum distribution of °Li in
the reaction 'Li+!2C — 9Li+2n+4X. The dashed (dotted) line is obtained by assuming
knock out of two neutrons from the core (halo) of !'Li. The solid line represents the

weighted sum of the two. Lower figure: Comparison with the experimental data.

Supplement A

2 The Boltzmann equation for nucleon-nucleon collisions

Let us call dN (r,p,t) the number of particles with positions r and momenta p at time ¢.
If dN is the number of particles in the volume element d3r and whose momenta fall in the
momentum element d3p at time ¢, then the distribution function f (r,p,t) is given by

dN = f (r,p,t) drd’p (1)

For a particle to be included in dN its position coordinates must lie between r; and
r; + Ar;, and its momentum must lie between p; and p; + Ap;, where ¢ runs from 1 to 3.

If there were no collisions, then a short time At later each particle would move
from to r + Ar , and each particle momentum would change from to p + FAt, where is F
the external force on a particle at r with momentum p. Therefore, any difference between
dN (r,p,t) and dN (r + Ar,p + FAt,t) is due to collisions, and we may set

[f (r + Ar,p + FAt, t) — f (r,p,t)] d>rd®p = <(ZJ;> Er'd3p' At (2)
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where (Of/0t),. is the time rate of change of f due to collisions. Expanding the first term on
the left as a Taylor series about f (r, p,t), we have (here repeated indices mean a summation,
e.g., a;b; = a-b = a1b; + asbs + asbs)

of pi O af) AL @)

f(r+Ar,p+FAt,t) :f(r,p,t)+ <87’2m+ 8pZFZ+E

where m is the nucleon mass.
In the limit as At — 0,

ofpi  Of o OF _ <5f>

+ = 4
dr;m  Op; Ot ot (4)
which is known at the Boltzmann equation for f. Note we have used the result that the
Jacobian for the transformation d3r'd>p’ = |J| d3rd>p is unity, where J is the 6 X 6 element
array,

J— 8(33,y,z,pz,29yapz) . (5)
O (2, y', 2,y D)y 1)
This assumption is valid only if the collisions are elastic, i.e., if they conserve energy and
momentum.

The system of nucleons are often free from external sources, so that one can drop off
the term containing F; in Eq. 4. However, to account for the effect of each particle interacting
with all other, one introduces the concept of mean-field, U (r, p, t) . This mean-field exerts a
force on each particle, given by —V, U (r, p,t) . Re-deriving Eq. 4 in terms of a mean field
yields

of  (p of
S (v U) v -V Ve = (2 6
ot \m P of = Vi o ot ). ©)
Note that the left hand side of this equation is simply the total time derivative of the
distribution function, D f/Dt. In the absence of collisions, one obtains the Viasov equation
Df _of (p
= (B VpU) Ve - VU L f =0, 7
o = ot (D4 VpU) Vo = VU - Vo (7)
Let us now assume that the system of nucleons form a dilute system of particles.
Dilute means that the total volume of the gas particles is small compared to the volume
available to the gas,

na’® < 1 (8)

where 1 is the number density of particles and a is the radius of a particle. Since the particles
in a neutral gas do not have long range forces like the particles in a plasma, they are assumed
to interact only when they collide, i.e., when the separation between two particles is not
much larger than 2a. The term collision normally means the interaction between two such
nearby particles. A particle moves in a straight line between collisions. The average distance
traveled by a particle between two collisions is known as the mean free path. The mean free
path depends on the cross section o, and is given by

P (9)

no
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One consequence of the requirement that the gas be dilute is that A > a. In other
words the diluteness implies that the mean free path is much larger than the particle size
so that a typical particle trajectory consists of long straight segments interrupted by almost
discontinuous changes of direction when collisions occur. If the gas is dilute, the probability
of three body collisions is much lower than for two body collisions and they can be neglected.

The Vlasov equation, D f/Dt = 0, says that f does not change as we move along
the trajectory of a particle, provided collisions are neglected. Collisions can change f in two
ways.

1. Some particles originally having momentum p will have some different momentum after
the collision. This causes a decrease in f.

2. Some particles having other momentum may have the momentum p after a collision,
increasing f.

The Boltzmann collisional term in the Boltzmann equation can be written as

%{d?’rdg’p = Cin — Cout (10)
where Cj,, and C,yt are the rates at which particles enter and leave the infinitesimal volume
d3rd3p due to collisions.

Suppose two particle with initial velocities viand vy have velocities v’land v’2 and
after a collision. Since all particles have the same mass, conservation of momentum and
energy require that

Vi+vh=vi+vy and % ‘v’l‘2 + % ‘V’Q‘z = % vi)? + % ol (11)

One would like to calculate the final velocities V’land V/2 from the initial velocities.
Since and have six components we need six equations to solve for them. Four are provided by
the conservation equations. A fifth condition comes from the fact that collisions are coplanar
if the forces between particles are purely radial, i.e., v} will lie in the plane of viand va ,
forcing v} to also lie in the same plane from conservation of momentum. We still need a
sixth condition, which must come from the nature of the force between the particles. The
short range nature of the forces allow us to assume that the collision occurs at essentially
only one value of r so we need not account for the changes of external forces. The unknown
velocities are therefore specified once the impact parameter b and the azimuthal orientation
¢ of the collision is known. For an elastic collision the magnitude of the relative velocity is a
collisional invariant:

Vi —va| = |vi = val, (12)

which follows from kinetic energy conservation in the center of mass frame. Thus we may
specify the remaining two pieces of information concerning the collision in terms of the change
of the orientation of the relative velocity, i.e., in terms of two angles © and ¢. In an elastic
encounter the collision occurs in a single plane ¢ = const., turning the relative velocity
v] — vg through an angle © without change in the magnitude of the relative velocity. For
given intermolecular forces, the deflection, ©, depends only on the impact parameter b. The
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Figure 2 (a) Scattering of an incident beam of particles by a center of force. The impact
parameter is b, and the angle of deflection is ©. The number of particles scattered into a solid
angle d€) = 27 sin OdO lying between © and © + dO must equal the number scattered through
impact parameters between b and b + db, hence 27bdb = 270 (©) sin ©dO. (b) Nucleon
momentum averaged nucleon-nucleon cross sections in the reaction 'Li+!2C. Solid lines are the
free space nucleon-nucleon cross sectios. Dotted lines are for carbon nucleons colliding with halo
neutrons and dashed lines are for carbon nucleons colliding with core nucleons of '1Li.

differential cross-section for the encounter o (v1, va|v], vj) is defined so that od€2 = bdbdg,
where d2 = 27 sin ©dO.

Consider a beam of particles of number density n; and velocity vi colliding with
another beam of particles of density no and velocity vo. A particle in the second beam
experiences a flux I = nj |v] — va| of particles from the first beam. We consider the number
dn. of collisions per unit time per unit volume which deflect particles from the second beam
into a solid angle df2,

one=o0 (vl, va|vi, V/Q) ny [vi — va| nadQ. (13)

Consider the inverse collision where (v1,va) — (v{, v}). If the molecular processes
are time-reversible, then we expect the reverse cross-section to equal the forward cross-section:

o (v’l,vé\vl,VQ) =0 (vl, V2|V’1,v'2) (14)

It should be noted that this condition of time reversibility is by no means self-evident.

We now evaluate the term C,,s. Consider the two streams of particles having the tips
of their momentum vectors in d3p1 and d3p2. The first stream makes up a beam of number
density n1 = f(r,p;,t)d®p1, and velocity vi, whereas the second stream constitutes a



The Boltzmann equation for nucleon-nucleon collisions 6

beam of density no = f (r, Py, t) d>ps and velocity vo. Substitution for 71 and ng in the
collision rate between the two beams is

one = o (v, va|vi, vh) [vi — va| f (r,py, 1) f (T, Py, t) AP pr1d®po. (15)

Since C\y; must be equal to the number of collisions per unit time with the volume
d3r1d®p1, Cuuy is obtained by multiplying én. by d3r; and then integrating over all solid
angles, €2, and collision partner momenta, po. Hence,

Cout:d?’rl/ /(5nc
p2 JQ

= d37’1d3p1/d3p2/d90 (V17V2’vllvvl2) ‘vl _VQ‘f(ra plat)f(r7p27t)' (16)

To evaluate Cj,, we consider the reverse collisions between particles in d3p’1 and
with momenta in d3p}, such that their velocities after collisions lie within d®pjand d®ps,
respectively. The number of such collision per unit volume per unit time is

5nfj =0 (v'l,vlz\vl,vQ) |v’1 — VIQ‘ f (r, p’l,t) f (r, p’z,t) de3p’1d3p’2. (17)

Recall that the relative velocity of the particles is a collisional invariant, |V,1 — v'2| =
vi — Vva|, and from Liouville’s theorem, if the interaction can be described by a Hamiltonian,

E’prd’py = d*p1d’py (18)

Thus assuming reversible collisions, the invariance of the relative velocity and the
constant phase space volume,

on. =o (Vl,V2|V/1,VI2) |vi —val| f (r,p’l,t) f (r,p’Q,t) dQd®p1d3ps. (19)

The term is Cj, obtained by multiplying dn,, by d3riand integrating over all solid
angles, €2, and collision partner momenta, ps., i.e.,

Cout = d3r1d3p1/d3pz/dﬁa (vi,va|V1,v5) [vi — va| f (r, P, t) f (r,p5,t) . (20)

Now that we have the rates at which particles leave and enter d37’1d3p1 we can write
the full Boltzmann equation as

of (p _

S+ (Ejuva) Vo — VU - Vof =

/dgpg/an (vl,vz]v'l,vlz) |vi — v

X [f (I‘, pll’ t) f (I', p,27 t) - f (I‘, P1s t) f (I', P2, t)] . (21)
which is conveniently abbreviated as

g‘*’ (%+VpU) 'Vrf_VrU'Vrf:/d3p2/dQU(Q) |V1_V2| [f{fé_flfQ] .

ot
(22)
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We have assumed that the differential cross-section is a function only of the scatter-
ing angle ) between p1 and pa, since the differential cross-section for a simple spherically
symmetric interaction potential can, due to symmetry, only be a function of the scattering
angle. The complete (classical) Boltzmann equation with the collision integral for binary
collisions is a nonlinear integro-differential equation for the distribution function.

For a system of nucleons the classical Boltzmann equation can be modified to ac-
count for the Pauli principle. The principle states that no nucleon can scatter into a phase
space already occupied by another nucleon. This amounts in modifying the term f7 fo to
fife[1 = f1][1 — f5], where the 1— f’ terms is zero if the final state is occupied (f = 1). Ac-
cordingly, f1f4 is modified to f1f5[1 — f1][1 — fa]. Thus, for a nucleon system of particles,
the appropriate Boltzmann equation for a nucleon-nucleon collisions (called the Boltzmann-
Uehling-Uhlenbeck, or BUU, equation) is

8f+( +VU) Vof — VU -Vof =

/d3p2 / dQonn () [vi — val
x{fifsL= AL = fo] = fife 1= fi] [1 = f2] }- (23)

The collision integral, Eq.23, takes into account the nucleon scattering inside the
nuclear medium. Its form can be justified on general physical grounds, but it can be also
derived self-consistently from the quantum equations of motion of the one-body and two-body
density .

Eq. 23 needs as basic ingredients the mean field U and the cross section oy .
Because these two quantities are related to each other, one should in principle derive them
in a self-consistent microscopic approach, as the Brueckner theory. However, in practice
the simulations are often done with a phenomenological mean field and free nuclear cross
sections.

The most commonly used mean field is of Skyrme-type, eventually with a momentum
dependent part [15].

The output of Eq. 23 is the distribution function f(r,p,t), which allows one to
calculate a lot of properties of the heavy-ion collisions. Let us quote collective flows, proton
and neutron production rates, (sub-threshold and above threshold) pion and kaon yields,
etc. Combining Eq. 23 with a phase-space coalescence model, one can also calculate such
quantities as exclusive flows and intermediate fragment formations.

In order to numerically solve Eq. 23 one needs to go throughout the following general
steps: initialization, mean field propagation, collisions and Pauli blocking. The solution of 23
is usually Monte Carlo simulated by using the pseudo-particle method. According to these
models the dynamics is traced by the one-body distribution function f(r,p,t) expanded in
terms of a set of generating functions centered on a finite number of points, Monte Carlo
distributed in the whole phase-space. In this way the dynamics of nucleons is replaced by
the dynamics of test-particles. Between two collisions a test-particle propagates following a
classical trajectory determined by Newton-type equations. In order to have a good approxi-
mation of the exact continuous distribution function, f(r, p,t), the number of test-particles
per nucleon should be large enough. This requirement brings about, in the case of a large
nucleus, a fast increase of the CPU time needed for running serial-code simulations.
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Let us briefly discuss the general aspects of a typical numerical algorithm. In the
first step one prepares nuclei in the ground state by discretizing the continuous distribution
function as a sum of elementary functions. Here we describe them in terms of Gaussian
functions both in coordinate and momentum space, with fixed widths o, and o:

frp = 3 e[ x)? 20 e [ (0 20] 21
P i=1,n

ng (40,0

where ng is the number of generating functions per nucleon. This number should be quite
large in order to have a good approximation of the exact continuous distribution function
f(r,p,t). The total number of test-particles ("Gaussians”) is N = ngA, where A is the
total number of nucleons in the nuclear system. The ground state is prepared by a Monte
Carlo sampling of the phase space with a variational self- consistent procedure to reproduce
the nuclear binding energy.

Once the initial phase-space configuration of the test particles in the two ground state
nuclei is fixed, the two nuclei are translated and boosted to the center of mass frame where
the calculation is performed. The evolution in time of the system is controlled by dividing
the total reaction time in small time steps, dt (of the order of 0.5 fm/c). During a time step
interval the test-particles are propagated freely in phase-space along the classical trajectories
determined by the Newton equations, with the force term given by the derivative of the mean
field. Actually, in the case of Gaussian generating functions (Eq. 24), it can be shown [16]
that the dynamics of test-particles (“the Gaussians”) is given by Ehrenfest type equations,
with the force term replaced by the convoluted derivatives of the mean field over the given

Gaussian:
v _Pi g 1 (r.p)) and 2P _ T g 1 (r, ) (25)
i m p 'P)lr; ps dt  m " 'P)lrip:

At the end of each time-step the phase space is searched for allowed collisions. The
algorithm for simulating the collision integral is based on the mean free path, A. The pro-
cedure is as follow [11]: for a given test particle one searches a possible scattering partner
taken as the closest test-particle inside a sphere of a given radius. Then one estimates the
averaged mean free path as A = (pa)_l, where p is the local averaged density and is o the
cross section corresponding to the relative kinetic energy of the partners. Dividing the calcu-
lated mean free path by the relative velocity of the two test particles, one finds the averaged
time-life between two collisions, dt.,;. In terms of dt..;; the probability for scattering is :

P =1—exp(—dt/dtey) - (26)

If dt is chosen as to have dt << dts then P can be approximated by dt/dte.
After the probability P is calculated the decision for the scattering is made by the Monte
Carlo method: the scattering is decided if P is greater than a generated random number
smaller than one. As soon as a collision is decided, the final momenta of the two scattered
test-particles are randomly generated, with the momentum-energy conservation constraints.
The final decision for the scattering is taken only if the final scattering states are not Pauli-
blocked. The Pauli-blocking factor is , (1 — f1) (1 — f2) where fi and fa are the one-body
distribution functions calculated in the phase-space points corresponding to the final states
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of the scattered test-particles. The decision about the Pauli-blocking is taken again by Monte
Carlo method.

3 Inclusive 77 and 7~ production cross section

Within a Glauber-type multiple collision model, the total number of nucleon-nucleon
collisions in the reaction of A + B at an impact parameter b is

N(b) :a(E)/od:cdy/dzldzgpA(x,y, z1)pg(x,y — b, 22), (27)

where O is the overlap region of nuclei A and B, and 7(F) is the momentum averaged
total nucleon-nucleon cross section. Since the core nucleons and the halo neutrons
have different momentum distributions in 'Li, 7(F) may be written as

G(E) = 20 core(E) + £ 0hao(E). (28)

Since we wish to analytically carry out the bulk of the calculations, we follow
Karol [17] and assume that the nucleon density distribution is a Gaussian function

2

p(r) = p(0) exp (—2) . (29)

The integration in Eq. 27 can then be performed analytically to yield the
result

— 2 3.3 2
N(b) = a(E)m Pg(O)Pg(O)aAaB exp <_ i b : ) . (30)
aj +agp ajy + Ay
Similar forms for the proton-proton and neutron-neutron collision numbers can be
obtained in terms of their density distribution parameters.
Under the assumption that pions are produced through A resonances, the
inclusive 7" and 7~ cross sections can then be written as [13]

+
T
dUinC

ds?

2 3 3
mp74(0)pz5(0)ar, 4a
(q>|2ZAZB ZA( 2) ZB(2) ZAYZB
az,+a
ZA ZB

. /mbdbexp [_ B2 7(E)(AB —1)p4(0)pp(0)a¥a};
0

= [fya

X

2 2 2 2
az 4+ azp ay +ap

b2
—_—_ 31
exp( A+B)} (31)

doT 2 0 0)a3; ,a3
inc  — | fya(q)|*NaNp pnal 2)PNB( 2) NAYNB
dQ2 ayataNp

2w /OO bdb exp {— b? o(E)(AB — 1)PA(O)PB(0)G?A(L%
0

X

2 2 2 2
ayatayp ajy +ap

b2
—_ 32
exp( A+B>} (32)
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where pp; and p; are the neutron and proton coordinate space densities of nucleus i,
and fya(g) is the amplitude for the process N+ N — N +A. The exponentials inside
the integrals represent the product of the proton (Eq. 31) or neutron (Eq. 32) densities
with the elastic survival probability given by exp[— (5(E)(AB — 1)p4(0)pp(0)a®a}) / (a% + aF) exp (-

At beam energies smaller than 1 GeV /nucleon, available experimental data
[18, 19] show that pion are mainly produced through A resonances. Direct processes
of the form N+ N — N+ N+ account for less than 20 percent and higher resonances
have negligible cross sections.

From the experimental data of n+p collisions [18] and the calculated ratio
of the isospin matrix elements [13], it can be shown that the numbers of 7+ and
7~ produced in n+p collisions are smaller than that in p+p and n+n collisions,
respectively, by about an order of magnitude. We therefore expect that the above
equations are good approximations for the present purpose of this calculation.

The above considerations do not include the effect of the Pauli-exclusion prin-
ciple on the final state nucleons after producing the pions. This should result in a
reduction of |fya(g)|? in the nuclear medium. However, to first approximation, this
reduction should be the same for both pion species, and since we are only interested
in the ratio of the production cross sections, the reduction factor will cancel out.

Pion reabsorption accounts for up to 50% of the produced primordial pions in
the light systems studied here [9]. In the same spirit as just described for the Pauli
exclusion principle, the amplitudes fya should be understood as effective amplitudes
which already include this reduction.

Since we are interested in the ratio of the inclusive 7+ and 7~ production,
the main ingredients in the model calculation are then the density parameters and
the momentum averaged cross sections.

We start out by looking for realistic density distributions for protons and
neutrons for all isotopes under consideration. This is accomplished by using a binding
energy adjusted shell model program [1]. As examples for the calculated density
distributions, we display in Fig. 1(a) the neutron and proton densities for 12C (upper
part) and 'Li (lower part) by the solid lines.

The results of the Gaussian fit to the calculated density distributions are
represented by the dotted lines. In Table 9.1, we list the obtained values for p(0)
and a for proton and neutron density distributions for all Li-isotopes used in the
subsequent calculations as well as the corresponding values for 2C.

Pn(0) | an | pp(0) | ap p(0) a

(fm_3) (fm) (fm_3) (fm) (frn_3) (fm)
2¢ | 0.1148 | 2.110 | 0.1120 | 2.128 | 0.2268 | 2.120
“Li || 0.1051 | 1.897 | 0.1121 | 1.688 | 0.2168 | 1.797
814 || 0.1151 | 1.984 | 0.0996 | 1.755 | 0.2134 | 1.885
94 || 0.1215 | 2.071 | 0.0989 | 1.760 | 0.2178 | 1.952
H1i || 0.1115 | 2.346 | 0.0851 | 1.851 | 0.1922 | 2.175

Table 9.1: Parameters of the Gaussian fits to the nucleon density distributions in

Li-isotopes and 12C.
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For calculating the momentum averaged nucleon-nucleon cross sections, one
chooses the momentum space distribution functions such that the results agree with
know experimental data.

One such comparison is performed in Fig. 1(b). In the upper part, one uses a
Fermi gas model for the momentum distribution of the neutrons in "'Li. One assumes
different Fermi momenta for core and halo neutrons. The fitted values are Pr(core) =
158 MeV /c and Pr(halo) = 38 MeV /c which coincide with the one inferred from the
experimental data by using the Goldhaber model. By randomly picking 2 neutron
momenta from within these Fermi spheres and adding their momenta, one obtains
a recoil spectrum for °Li in the projectile rest frame, employing the assumptions
entering the Goldhaber model [4]. By picking two neutrons from the halo, one obtains
the dotted curve in Fig. 1(b). The dashed curve is the result of using the same
procedure on two core neutrons. The solid curve is the result of an addition of
the two contributions with the proper weights as measured in the experiment of
Kobayashi et al. [3]. For purposes of comparison, all curves in the upper part of Fig.
1(b) were normalized to the same value. In the lower part of this figure, we compare
the simulated ?Li transverse momentum spectra to the data of Kobayashi et al. [3].
One can see that one is able to reliably fit the experimental observables.

We obtain the momentum distribution averaged nucleon-nucleon cross sec-
tions by integrating o(4/s) weighted with the momentum distributions of target and
projectile,

E(Ebeam) = /fA(pA)fB(pB - pbeam)a(\/g(pAypB))dgpAd?’pB- (33)

Here, f;(p) are the momentum distributions of target (i = A) and projectile i = B.

For the purpose of this calculation, one can use the well known parametriza-
tions of Cugnon [20] for the free space elastic and inelastic nucleon-nucleon cross
sections as a function of the available center of mass energy, /s, in a nucleon-nucleon
collision.

35 N
1+ 100(s — 1.8993)
20(y/s — 2.015)?

Tinel(V/s) = 0015 1 (V5 — 20157 (Vs > 2.015). (34)

oalvV/s) = 20, (/s > 1.8993)

In this parameterization, /s is measured in GeV and o in mb.

In Fig. 2(b), we display the results for Tipel( Epeam) and Tiotal(Fheam) for three
different cases. The solid lines are for free nucleons. In this case, the distribution
function f are d-functions, and we have ¢(Epeam) = onn. The threshold energy for
pion production is in this case Egl;am /nucleon = 290 MeV.

The dashed and dotted lines represent the case that the target is a carbon
nucleus. fa(p) is then a Fermi gas distribution function with Fermi momentum of
221 MeV/c determined from the carbon fragmentation experiment. The dashed lines
are obtained by using the momentum distribution of "Li core neutrons for fz, and
the dotted line represents the case that the halo neutron momentum distribution is
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used. In these cases, the threshold energies for pion production are 70 MeV and 120
MeV, respectively.

One can see from Fig. 2(b) that the distribution averaged value of the total
nucleon-nucleon cross section is hardly affected by the momentum distribution of
nucleons in target and projectile. However, the averaged inelastic cross section shows
a very large effect close to the threshold.

In Table 9.2, one sees the results for the ratio

- +
T s
ol — o]
__ Yinc inc
E=—nc _inc (35)
Tinc + Oinc

for the systems ALi + 2C (A =7, 8, 9, 11) with & = 40 mb and 25 mb. These two
values for @ are chosen to represent the case for nucleus-nucleus interactions around
the pion production threshold (Epeam &~ 200 MeV/nucleon — @ ~ 25 mb) and for
reactions at higher beam energies (Epeam ~ 800 MeV /nucleon — @ ~ 40 mb). For
comparison, we also present the ratio Ey for the two cross section which results from
simple counting arguments of neutrons and protons or, equivalently, from assuming
that protons and neutrons have the same density distribution in Eq. 35,

_ NaNp — ZaZp

Fy = .
07 NuNgp + ZaZp

(36)

The ratio F is sensitive to the difference between proton and neutron density
distribution [12].

"Li+12C | 3Li+'2C | °Li+2C | ""Li+2C
E(40mb) [ 0.1153 | 0.2221 | 0.2955 0.3951
E(25mb) || 0.1143 | 0.2210 | 0.2939 0.3927
Ey 0.1429 0.2500 0.3333 0.4545

Table 9.2: Comparison of the computed normalized cross section differences between

negative and positive pion production, F, for two different values of & and the same

quantity obtained from simple counting of nucleons, Ey, for reactions of different Li
isotopes with 12C.

4 Pion energy spectra

If we want to study pion energy spectra, it is clearly not sufficient any more to use
energy averaged production cross sections. In an exploratory study of pion spectra
with exotic nuclei, a modified Fermi gas model can be used. It was first used by G.
Bertsch in the study of threshold pion production [21].

For the individual nuclei, we assume that the phase space distribution function
can be separated into coordinate and momentum parts. For the momentum space
distribution of the colliding nuclei we use a simplified form of two homogeneously
filled Fermi spheres, the centers of which are separated by the beam momentum

fag(P) =0(ps, — IP)A+0(pry; — |P — Poeam|)B- (37)
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Here py, and py, are the Fermi momenta of the projectile of mass A and target of
mass B respectively. We will use the Fermi momenta for carbon and ''Li extracted
from the experimental data as we have discussed in the previous Section.

Pion energy spectra in the reaction A + B can then be calculated as a sum
of the pion energy distribution in each nucleon-nucleon collision with all possible
momenta within the Fermi spheres

(%>AB N C/ <diig5)>NN fa(Pa)fB(pB)d’pad’ps, (38)

where C' is a constant coming from the integration over the impact parameter, which
is irrelevant for the following discussions. s is the square of the center of mass energy
of the two colliding nucleons.

To calculate the pion energy distribution (do,/dE) y 5 in each nucleon-nucleon
collision, we assume that pion production is proceeding via the A resonance. The
mass distribution of the A resonance is taken from Y. Kitazoe et. al. [19] and is given
by

0.25T2(q)
(Ma — My)? +0.25T2(q)’

P(Ma) = (39)

where My = 1232 MeV, and the width I'(q) of the resonance is parametrized as

0.47¢3
[1+0.6(g/mx)?]m2

I'(q) = (40)
q is the pion-momentum.

The A is assumed to be produced isotropically in the nucleon-nucleon center
of mass frame, and one can also assume that the decay of the resonance has an
isotropic angular distribution in the A rest frame. The decay of the resonance can
then be calculated using a Monte Carlo integration technique. This leads to a pion
energy spectrum in the A rest frame which is finally Lorentz transformed into the
laboratory frame.

The integration in Eq. 38 for calculating the pion spectra in the reaction A+ B
can be performed with a Monte Carlo integration method. One generates pairs of
colliding nucleons from the projectile and the target, and isospin quantum numbers
are assigned to these nucleons according to the N/Z ratios of the projectile and the
target. Then, one can use available experimental data [18, 22] for pion production
cross sections in nucleon-nucleon collisions in all possible isospin channels.

One such calculation is performed for the reaction "Li+12C at various beam
energies. To show the sensitivity of the pion energy spectra on the nucleon momentum
distribution of the radioactive nuclei, Fig. 3(a) shows the 7~ spectra calculated by
using the core Fermi momentum and halo Fermi momentum for the 'Li projectile,
respectively. The solid histograms are calculated with ps, = p¢(halo) = 38 MeV/c
and the dotted histograms are calculated with py, = pyg(core) = 158 MeV/c. These
two calculations simulate the situations that nucleons coming from '2C collide with
the halo and core nucleons of the 1Li, respectively [14].
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Figure 3 (a) 7~ kinetic energy spectra in the reaction 'Li+!2C at beam energies of
600, 300 and 150 MeV/nucleon. The solid lines are calculated with p¢, = pr(halo)

and the dotted lines are calculated with py, = p¢(core). (b) Distribution of the center
of mass energy above pion production threshold for pairs of colliding nucleons in the

reaction 'Li+'2C. The solid and dotted lines are calculated under the same conditions
as in (a).

A strong sensitivity of the pion spectra to the nucleon momentum distribution
can be seen, in particular for beam energies smaller than about 300 MeV /nucleon.
Moreover, the different slopes of the two curves indicate that the different momentum
distributions of core and halo neutrons can be seen experimentally.

Of course, one needs to know how to disentangle the pions produced by the
core and by the halo neutrons. One can do this in two ways: First, one can separate
central and peripheral collisions via some impact parameter trigger. Since the halo
neutrons should contribute stronger to pion production in peripheral collisions, their
effect can be isolated. A second and more tractable way to isolate the effect of the
halo neutrons is a subtraction method. Here one can utilize the fact that a ?Li nucleus
contains the same core neutrons as ''Li. Thus, if one subtracts the pion spectrum
produced in a ?Li induced reaction from that of a ''Li induced and otherwise identical
reaction, the pion spectrum due to the halo neutrons can be obtained.

Presently available radioactive beam facilities can produce high quality 'Li
and °Li beams. Using these, the different neutron momentum distributions of core
and halo neutrons in ''Li shows up as contributions to the pion energy spectra with
different slopes in 'Li and ?Li induced reactions. One estimates [14] that a beam of
10° MLi per second at a beam energy of 300 MeV /nucleon would produce about 10%
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pions per second. With this production rate, a high quality experiment using a pion
spectrometer can be performed.

As can be seen from Fig. 3(a), the difference in the slope of the pion spectra
is not so obvious at beam energies above 600 MeV /nucleon. This can be understood
by looking at the distribution of the center of mass energy, /s, of the two colliding
nucleons in the reaction A + B

F(s) = /fA(pA)fB(pB — Pbeam)0(s — 2m2 — 2E4Ep + 2pa - pp)d°pad®pp. (41)

Here we take on-shell nucleons so that F; = (p? + m2)'/? for i = A, B.

In Fig. 3(b) we present the distribution of /s — (2m,, + my), which is the
total available center of mass energy above pion production threshold in nucleon-
nucleon collisions. The calculation was done [14] for the reaction 'Li + 12C at beam
energies of 200 MeV /nucleon and 800 MeV /nucleon. Again, the solid histograms are
the results using py, = py(halo) and the dotted ones using py, = py(core). The effect
of different internal momentum distributions is obvious at lower energies, but as the
beam energy gets much larger than the pion production threshold energy, the effect
becomes less obvious.

One can thus see that pion production with radioactive nuclei provides an
alternative way for further determination of the properties of exotic nuclei.
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6 Introduction

The parity nonconserving (PNC) nucleon interaction in nuclei caused by the PNC
Weak interaction, and PNC effects in neutron-nucleus reactions are subject of interest
for both experimentalists and theorists [1, 2, 3, 4, 5, 6, 7, 8, 9]. The overall scale of
the observable PNC effects is found to be in reasonable agreement with estimates in
existing theory of the weak interactions [1] based on the Standard Model. Complete
understanding of PNC forces in nuclear domain, which requires reliable QCD-based
models of hadrons is far from being reached. This motivates extensive studies of the
strengths of the PNC forces.

The PNC effects have been probed in normal nuclei. Physics of exotic nuclei
studied with unstable nuclear beams [10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23]
appears to be one of the most promising modern nuclear areas. Due to their specific
structure, exotic nuclei, e.g., halo nuclei can offer new possibilities to probe those
aspects of nuclear interactions which are not accessible with normal nuclei. It is
therefore interesting to examine possibilities of using exotic nuclei to investigate the
effects of violation of fundamental symmetries, i.e., spatial parity and time reversal.

Some aspects of the Weak interactions in exotic nuclei have been discussed
in literature [17, 18] in relation to the beta decay and to possibilities to study the
parameters of the Cabibbo-Kobayashi-Mascawa matrix.

The aim of the next sections is to present a simple evaluation of the magnitude
of the PNC effects in halo nuclei, following Hussein et al. [19]. We confine ourselves to
the case of nucleus ' Be, the most well studied, both experimentally and theoretically
(10, 11, 12, 15, 16]. Ome finds that the ground state, the 2s;/, halo configuration,
acquires admixture of the closest in energy halo state of opposite parity, 1p; /5. This
effect originates from the weak interaction of the external halo neutron with the core
nucleons in the nuclear interior. As a result, the neutron halo cloud surrounding
the nucleus acquires the wrong parity admixtures that may be tested in experiments
which can probe the halo wave functions in the exterior.

The magnitude of the admixture is found to be ~ 107% x ¢/ that is an
order of magnitude bigger than the PNC effects in normal spherical nuclei. What is
important to notice is that the enhanced effect discussed here is proportional to the
neutron weak constant g}’ only. The value of this constant remains to be one of the
most questionable points in modern theory of parity violation in nuclear forces [5].
The enhanced PNC mixing in halo found here can be therefore useful in studies of
the neutron weak constant. Another interesting question related to the structure of
the PNC force in nucleus, namely, the strength of the isovector P-odd potential that
has been discussed in Refs. [6, 7].
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7 Weak nucleon-nucleon interaction and parity violating effects. Poten-
tial approximation

We start with writing the nuclear Hamiltonian H in the form
H = HY 4+ Vi 4 whNC (42)

where the first term H2 = >, (p2/2m + Us(r,)) is the single particle Hamiltonian of
the nucleons including the single-particle piece Ug of the strong interaction, V¢ is
the residual two-body strong interaction. The last term, WFNC is the PNC part of
the Weak interaction that is the source of the PNC effects.

The magnitude of the PNC effects is sensitive to both the weak PNC in-
teraction matrix elements between the states of opposite parity and to the nuclear
structure effects given by the strong part of the Hamiltonian 42. The latter one
is invariant under spatial coordinate reflections, and if there is no weak interaction
term WFNC in 42, and as such parity is preserved, the eigenstates |Ws) of the strong
Hamiltonian Hg + V§® with energies E can be labeled by the parity quantum num-
ber (positive or negative), |U1), |¥). Due to presence of PNC weak interaction
WPNC in the nuclear Hamiltonian 42, a state of definite parity, say, |U ), acquires
very small admixtures of wrong parity configurations. This can be accounted for by
using the first order of perturbation theory with respect to W¥FN¢ (see Eq. 77):

g ‘WPNC‘\I/Jr)
\IJJ’_ !/ — \Il—‘r + E < sl S
| S > | S > = Es _ E51

W) (43)

Here, prime denotes the corrected wave function that accounts for the PNC inter-
action and sum goes over available states of opposite parity, |¥,;). The magnitude
of measurable PNC effects is normally proportional to the coefficients fFN¢ [2] that
determine the dominating admixtures of the wrong parity states

(U WINCloT)

= . 44

f - (a4)
The natural scale of the PNC effects in nuclei under usual conditions is [1],[2]

|| ~107" (45)

that is roughly the ratio of the strength of the Weak PNC forces ( matrix element in
the numerator of 44 ) and the strength of the strong interaction (energy denominator
in 44 ). In highly selective experiments, the PNC effects can be enhanced considerably
as compared to estimate 45, due to specific properties of a specially chosen nuclear
system or process. To reach high sensitivity to the wrong parity admixtures, one
usually seeks possibilities to have the denominator AFE in 44 minimal while keeping
the PNC matrix element at maximum and to improve selectivity of measurable effect.
This is typical for any tests of fundamental symmetries.

Supplement A
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8 Microscopic PNC interaction

The most widely used version of the microscopic PNC interaction is the DDH Hamiltonian
Wg gg [1], where the PNC forces are mediated by mesons. Its form stems from the analysis
of interactions between intranucleon quarks via exchange of heavy bosons of Standard Model.
The nonrelativistic P-odd weak interaction between nucleons approximated by the one-meson

exchange can be written in the form [2; 1]

§iS
Whbi = 14:@% (11 x 72)® (1 + 2) - [P1 — P2, Fr] —
m
9ol
_2”7”;’(7-1 -T2)(o1 —02) - {P1 — P2, Fp} —
gphg . /
o, At )T T2)(o1 X 02)  [P1— P2, Fp} + WS, (46)
where the standard notations Fr(,y = e~ F1=r2l / (4g|p; — o) are used and [.,.] and

{.,.} denote the commutator and anticommutator, respectively. The subscripts 1 and 2 label
the interacting nucleons, the superscript (3) denotes the third isospin projection. Here, m,
my and m, are the masses of the nucleon, 7- and p-meson, respectively; o (7) stand for
the spin (isospin) Pauli matrices, u = 3.7 is the isovector part of the anomalous magnetic
moment of nucleon. W' denotes contributions from heavier mesons, which are less important.
The values of the corresponding weak and strong coupling constants h,(rl), 9> 9p, and hg can
be found in [1, 2].

9 Effects of the nuclear environment

In nuclear environment, a nucleon experiences the combined action of the PNC forces
46 from other nucleons. It is known, see, e.g., [2], that the most of P-odd effects caused
by the weak interaction ngg , Eq. 46 in Eq. 42, can be successfully modeled by
introducing the effective one-body P-odd interaction, or the “weak potential”, W,,
acting on the nucleon 1 as a single-particle operator which arises from averaging
WPNC over the states of other nucleons W, = (WFNC). Within this approximation,
the Hamiltonian of the weak interaction in a nucleus takes particularly simple form
of a sum of the proton W%, and neutron W, symmetry violating potentials

G G
_ n _ W w
WSP - Wfp + WSP - gp 2\/§m{(0-p ’ pp)? P} + In 2\/§m{(0n ’ pn)vp}v (47)

where G = 107™°m~2 is the Fermi constant, Pp(n) and o, refer to the proton
(neutron) momentum and doubled spin respectively. The coherent contribution from
all the occupied nucleon orbitals composing the core yields the nuclear density p =
> oce |Poce|? in the expression 47. The dimensionless constants g}' and g} of order of
unity, for the proton and neutron potentials, are related to the parameters of the DDH
Hamiltonian and depend on nuclear charge and neutron number. The single-particle
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approximation 47 for the PNC weak interaction 46 turns out to be very accurate
[2]. It works satisfactorily even in the case of compound nuclear states [4, 26, 27, 28|
where 47 gives the dominating contribution [26, 27] despite the fact that the wave
functions are of essentially many-body nature.

9.1 Proton and neutron weak potential strengths

The knowledge about the proton and neutron constants ggV and ¢/ accumulated to
date can be summarized as follows:

g) =45+2, gV =1+£15 (48)

These widely used values [2, 5, 25, 26] correspond to the best values [1] of the micro-
scopic parameters in the DDH Hamiltonian, Eq. 46, and they are found in reasonable
agreement with the bulk experimental data on parity violation, including the com-
pound nuclear experiments [3] and anapole moment measurements [32]. The above
relatively small absolute value of the neutron constant that follows from DDH analy-
sis, results basically from cancellation between 7- and p-meson contributions to gV,
while both mesons contribute coherently to the proton constant gZ‘;V , see, e.g., [5]. Due
to this difference between the absolute values of the proton and neutron constants,
the proton constant tends to dominate most measurable PNC effects [24, 25, 29, 30],
especially when both gII,/V and ¢!V can contribute. In some cases (such as odd proton
nuclei), the contribution from the neutron constant, g/, is suppressed irrespectively
of its strength [2, 6]. In this sense, one usually measures the value of ggv , and it is
difficult to probe ng unless special suppression of the proton contribution occurs,
and/or contribution of g/ is highlighted. By contrast, the case we consider in this
work is sensitive to the value of the neutron constant only.

9.2  Halo structure effects on the PNC mizxing

The basic specific properties of the halo nuclei are determined by the fact of existence
of loosely bound nucleon in addition to the core composed by the rest of the nucleons
[13] (we will be interested here in the most well studied case of neutron halo). The
matter distribution is shown schematically in Fig. 4(I-a).

In one-body halo nuclei like 1'Be, the ground state is particularly simple: it
can be represented as direct product of the single-particle wave function of the exter-
nal neutron, v;,,,, and the wave function of the core. The residual interaction V§**
in Eq. 42 can be neglected as the many-body effects related to the core excitations
are generically weak in such nuclei [34]. The problem with the Hamiltonian 42 is
reduced to a single-particle problem for the external nucleon. The PNC potential
matrix element between the ground state of halo nucleus and a state with opposite
parity is

G
2v/2m

where p,(r) is the core density. Due to relatively heavy core for A ~ 10, the difference
between the center of mass coordinate and the center of core coordinate can also be
neglected.

C _
<¢Zalo|WPN |whazo> = ng

(Vnato {(@n - Pn), P} Whato): (49)
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Figure 4 (I) a) Schematic plot of matter distribution in halo nuclei. The dark region
corresponds to the nuclear core, the grey region shows the halo neutron cloud. b) The
spectrum of the bound states !'Be. c) lllustration of the single-particle PNC mixing in
the ground state of 'Be. (II) The core density distribution (logarithmic scale). The
dashed line corresponds to Ref. [12], the solid line gives parametrization 56.

The effective potential that binds the external neutron is rather shallow yield-
ing a small single-neutron separation energy, and one can expect small energy spacing
between the opposite parity states. The PNC effects, Eqs. 44 and 43, can therefore
be considerably magnified. The spectrum of ! Be is shown in Fig. 4(I-b). To evaluate
the PNC mixing f74L0 in the ground state of this nucleus, it is enough to know the
single-particle matrix element between the ground state 2s and the nearest opposite
parity state 1p, and use their energy separation that is known experimentally.

The second effect of halo is that the value of the matrix element of the operator
47 between the halo states can be dramatically reduced as compared to its value in
the case of “normal” nuclear states. The single-particle weak PNC potential 47 in
Eq. 49 originates from the DDH Hamiltonian, Eq. 46, which is two-body operator,
this fact is hidden in the nucleon density of the core p,(r). The external neutron
spends most of its time away from the core region where only it can experience the
PNC potential created by the rest of nucleons. Indeed, the dominant contribution to
the matrix element of 47 between the halo states in 49 must come from the regions
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where the three functions can overlap coherently: 3", (r), ¢, (r) and the core
density p.ore(r). The latter one is essentially restricted by the region of nuclear
interior, r < r. thus reducing the effective volume of required interference region to
%m"g’. Normalization condition implies that the extended wave function of the bound
state halo wfal ,(r) must be considerably reduced in the volume of coherent overlap
%777"2. By contrast, in “normal” nuclei the radii of localization of the wave functions
with opposite parity that can be mixed by the weak interaction coincide generically
with the core radius r.. The resulting suppression for the PNC halo matrix element
(Wp 10 (M) [Weplthi 1 (7)) with respect to the matrix element for the normal nuclei can
be extracted from the following simple estimate

<¢f_mlo’W5p‘¢zalo> ~ Te ’ ~ %7m ’ ~ i R i (50)
<¢;ormal | WSP | 77Z}Zormal> Thalo Gfm 25 30

where the mean square radii of halos from Ref. [12] was used. This suppression
factor can cancel out the effect of the small energy separation (the denominator in
Eq. 44) and to suppress the PNC effects. This simple estimate does not account for
the structure of the halo wave functions which can be quite substantial and may even
lead to further suppression in the PNC mixing. In the following, we present a detailed
analysis of the related effects. The crude estimate 50 turns out rather pessimistic.

9.8  Halo model and evaluation of the PNC mizing in the ground state of ! Be

The form of the single-particle wave functions of halo states can be deduced from their
basic properties [16] and their quantum numbers [12]. The results of the Hartree-Fock
calculations which reproduce the main halo properties (e.g., mean square radii) are
also available [12]. One can use the following ansatz for the model wave function of
the 2s halo state:

os = Ros(MQUZ] 5,000 Ray(r) = Co(1 = (r/a)?)exp(—r/ro).  (51)
Here, Ras(r) is the radial part of the halo wave function and Qé.::q /2,m 15 the spherical

spinor. As we can neglect the center of mass effect for the heavy (A = 10) core, the

halo neutron coordinate 7 in Ras(7) = Xo4(r) /7 is reckoned from the center of nucleus.
o0

The constant Cp is determined from the normalization condition, [ drxs,(r)]*> =1
0

(the radial wave functions are chosen to be real). One has

Co =

(52)

93/2,2
3/2

o \/457’3 + 2a% — 12a2r§‘

The parameters rg and the a are the corresponding lengths to fit the density
distributions obtained in Ref. [12] and the mean square radius. The value of a is
practically fixed to be a = 2fm what corresponds to the position of the node. The
node position have been restored from the analysis of the scattering process [16].
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For the wave function 1, = Rlp(r)Qé.zzllﬂm of the excited state 1p, the

following simplest form of the radial wave function turns out to be adequate

Rup(r) = Crrexp(—r/r1), (53)

where (' is the normalization constant C7 = %7“1_ 5/2 and the only tunable parameter

r1 is related to the 1p halo radius. The mean square root radii for the halo wave states,
Egs. 51 and 53, are given by

1/2 1/2
<7,.2 > ~ e 6(457’3 + 2a* — 12a27’3) / <’I“2 > _ g / . (54)
2 10573 + a* — 150212 ’ 1p 2

The matrix element of the weak interaction 47 and 49 between the ground
state and the first excited state reads

s Wplin) =ial! 2 o) (g o+ 247+ S vy, (59
0

The core nucleon density p,(r) has been tuned to reproduce the data obtained
from Ref. [12]. Their results are well reproduced by the Gaussian-shaped ansatz p.(r),

pelr) = poe” /1" (56)
with the values of the parameters p, = 0.2fm™® and R, = 2fm, as shown on Fig.
4(II).

Using the model wave functions 51 and 51 and the core density 56, the required
integrals can be done analytically, and one arrives at the result

G
2s|Wlip) = igV —R 57
(2s|W|1p) = ig,, Tom (57)

()
5w - (%) 5w

where y = R.(ro + 71)/7or1 and the functions I,, are given by

V= [ anestve = Capd/T 4
O/d (—1)

where

R = 00330001{312(:#)— Iy(y) +

() s - 2

1

} (5%)

where er fe(y) is the error function

erfe(y) =1 ﬁo/dt p(—t°/2).
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Figure 5 (a) The halo density in the ground state, pyg;/(r) = (RQSI/Q(T))2/47r. The
dashed line corresponds to the Hartree-Fock calculations of ref. [12], the solid line
gives parametrization 51). (b) The halo density in the first excited state, py,;/2(7) =

ﬁ (Rlpl/g(r))z. The dashed line corresponds to the Hartree-Fock calculations of Ref.
[12], the solid line gives parametrization 53 and 59.

To obtain the results for the PNC weak interaction matrix element, one can use the
parameters ro and 71 in the halo wave functions to fit the radial densities of the halos
obtained by H. Sagawa [12].

The results for the best parameters are shown in Figs. 5(a) and 5(b) for the
2s and the 1p halos, respectively. One sees that the agreement for the densities is
good. Below, the values

ro(best value) = 1.45fm, r1(best value) = 1.80fm, (59)

are used to calculate the matrix elements in Eqgs. (55, 57 and 58). The radial wave
functions x are given in Fig. 6(a). To check robustness of the results with respect to
variations in the halo structure details, deviations of the both rg and r; from 59 were

used. The values of the halo radii given by 54, \/(r3,) = 5.9fm and <r%p> = 4.9fm
are close to the values of ref. [12] 6.5fm and 5.9fm which agree with experimental
matter radii.

Substituting the values 59 into the expressions for the matrix elements one
obtains the following value of the matrix element (2s|W,|1p)maro

(Ip|Wep|28)garo = —i02g% eV,
= —i02eV (for gV ~1 ). (60)

It is seen that this value is only few times smaller than the standard value of the
matrix element of the weak potential between the opposite parity states in spherical
nuclei (see e.g., Ref. [2]), that is typically about one eV. This results from the
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Figure 6 (a) Plot of the radial wave functions of the states |2s1/2) and |1p1/2),
X251/2(7") = rR251/2(r) and X1p1/2(7‘) = rRlpl/g(r). (b) Plot of the functions
contributing to the weak PNC matrix element. The function s(r) = C%_lel/Q(T) +

lelf(r) + dp;p/cdrxlpl/g(r) (dot-dashed line) depends on 7 in the way similar to X4 /2(7)

(dashed line). The combination X, /2(7)pcs(r) that enters the PNC matrix element in
Eq.(55) is shown by the solid line. It contributes coherently to (2s|Wsy|1p).

wave function structure and comes basically from the facts that the 2s wave function
crosses zero line near the core surface while the 1p radial wave function does not have
nodes. Thus the functions x;, and dxy,/dr look similar and are folded constructively
with p.(r) in the region of interaction (nuclear interior), see Fig. 6(b).

The matrix element of W, between the “normal” nuclear states can be evalu-
ated for example, in the oscillator model. Taking the typical matrix element between
the states 2s and 1p and using the same formula 55, one has

) w \1/2
(19 Wip|28)one = =gl Gro (5 (61)

where w ~ 40A~/3MeV is the oscillator frequency [33] with A the nuclear mass num-
ber. We used here the constant value of the core nucleon density, p, ~ 0.138fm~1/3,
This is a good approximation in the case of normal nuclei [26].

Recalling the energy difference between the ground state and the first excited
state 1p that is known experimentally,

|AEHALO| == Ep1/2 - E81/2 = 0.32MeV (62)

we obtain, using Eq. 60, the coefficient of mixing the opposite parity state (1p) to
the halo ground state 2s:

| fHALO| |(1p|Wep|25)| N 0.2¢V gV
Sp |AER a0 0.32MeV

0.6 x107%g" ~0.6 x 107¢ (for g ~1). (63)

12
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This PNC mixing is about one order of magnitude stronger than the scale of single-
particle PNC mixing in “normal” nuclear states that can be extracted from Eq. 61.
In the case of normal p — s mixing, we have

| ;pormal |<1p|W8p|28>| _ Gg?ZVpO (@)1/2
w Vom \w
~ 0.7x1077gW ~0.7x 1077 (for gV ~1) (64)
in the same region of nuclei with A ~ 11. The above value 64 for the normal PNC
mixing is rather universal and it is practically insensitive to variations of the details of
the normal nuclear wave functions and core densities [26]. One should stress that in
the halo case, the energy denominator in Eq. 63 is w/|AEgaro| ~ 50 times smaller
than in the normal case 64, based on the oscillator model. Comparing Eqgs. 63 and
64, we find the halo enhancement factor in the PNC mixing to be
£4410)
W ~ 9
This result is quite remarkable in a number of respects. First, it is seen that in
experiments when the halo wave functions in nuclear exterior are probed, the value
of PNC mixing is even stronger than in “normal” nuclei. Secondly, this PNC mixing
is dominated by the neutron weak constant g/V'. Such experiments with neutron halo
nuclei therefore provides a unique opportunity to probe the value of this constant.
Usually, the sensitivity of experiments to the value of this constant is “spoiled” by
comparably large value of the proton weak constant g]‘,/V , cf. Eq. 48.

In order to assess the reliability of these results, one can verify the stability
of the enhancement factor against variations in the parameters of the halo wave
functions. As one can see from the results presented in Table 10.1, the matrix element
60 is changed by few per cent only when the wave functions are deformed. The
enhancement factor 63 is therefore quite stable.

7o =140 | 70 =1.45 | 19 = 1.50
ry = 1.75 1.168 1.052 0.950
r1 = 1.80 1.110 1.000 0.903
r1 = 1.85 1.056 0.952 0.860

Table 10.1 - Stability analysis for the matrix element of Wy, between the halo states
2512 and 1py/o. The results for the values of the parameters 79 and r; differing from the
best values are shown. The central entry in the table corresponds to the best value. It is seen
that variations in 7 and r1 do not affect (2s1/2|Wsp|1p1/2) any considerably.

The analysis presented above rests basically on the most reliably known facts:
the quantum numbers of the states involved, the halo radii which match the matter
radii known from experiment, and the Hartree-Fock wave functions. With these input
data, the further quantitative analysis is a straightforward analytical exercise which
does not require any approximations. The stability of the results has been checked
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analytically. The PNC enhancement factor of one order of magnitude allows one to
speak about qualitative halo effect that should not be overlooked.

It is the matter of further studies to check the universality of the effect while
going along the table of exotic nuclei. One sees that other exotic nuclei with developed
halo structure manifest similar properties (see, e.g., [12]). Indeed, the effect of PNC
enhancement shown here results basically from the two facts:

(i) small energy separation between the mixed opposite parity states

(ii) considerably strong overlap between the mixed wave functions and the
core density, which saves part of suppression in the PNC weak matrix element.

The first of these points is rather common for nuclei with developed neutron
halos. Systematics of separation energies for single neutron [13] shows that the ground
states of halo nuclei can be distanced from the continuum by typical spacing €pq10 ~
(2m7"halo)*1/ 2 ~ few hundreds of keV. Even in the cases when no bound states with
parity opposite to that of the ground state occur, the PNC admixtures to the ground
state wave functions must exist. In these cases, the PNC admixtures can be evaluated
by means of Green function method.

The second point (ii) is related to the wave function structure. It would be
also interesting to study the PNC effects in proton rich nuclei [20, 21, 22].

The results shown here are based on the single-particle approximation (one-
body halo model). In principle, the halo neutron can couple to excitations of the
core (see, e.g., Ref. [34]). In fact, such coupling can be responsible for the small
energy separation between the opposite parity levels in "' Be, which can be separated
by few MeV otherwise (see, e.g., [23]). These many-body effects may be important
for precise evaluation of the PNC mixing. We did not consider contribution from
such effects here.

One of possible experimental manifestations of the discussed effect is related
to anapole moment (discussed in the next Section) [24, 25] which attracts much
attention in current literature [31] in view of new experimental results (detection of
anapole moment in the nucleus ¥3Cs [32]). Since the anapole moment is created by
the toroidal electromagnetic currents which results from PNC, its value grows as the
size of the system increased [25]. In the case of halo which we considered here, the
value of the anapole moment can be therefore enhanced due to extended halo cloud.
We will discuss this feature in the next Section.

10 Anapole moment of an exotic nucleus

The nuclear anapole moment is one of the most interesting manifestations [24, 25, 35,
29, 30, 36, 37, 31, 32] of the spatial Parity Nonconservation (PNC) [1, 2] in atomic
physics. It arises from the PNC nuclear forces which create anomalous (toroidal)
contributions to the electromagnetic current. The resulting PNC magnetic field can
be experienced by an external lepton (e.g., atomic electron or muon in mesic atom)
and can be detected in hyperfine structure atomic measurements. The effect of the
anapole moment, which depends on the nuclear spin, can be experimentally separated
from other PNC contributions [37, 31, 32]. Few theoretical papers have been devoted
to the problem of nuclear anapole moments [25, 35, 29, 30, 36]. The first calculation
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of the quantity in the single-particle approximation has been done by Flambaum and
Khriplovich [25]. Calculation of the anapole moment with accounting for residual
pion-mediated interaction has been made by Haxton, .Henley, and Musolf [29], where
an expression for the anapole moment operator has been derived, which preserves
the gauge invariance automatically. In Ref. [36] various many-body corrections to
the anapole moments (basically, the many-body contributions to the current) have
been taken into account. This field attracts much attention [36, 37, 31, 32, 7] as some
experimental results for the nuclear anapole in Cs are available [37, 32].

The studies of the anapole moment have been mostly confined to the case of
normal nuclei. Specific structure of exotic nuclei [11, 12, 13, 15, 16, 20, 21, 22, 34, 38,
39, 40, 41] can offer new possibilities to probe those aspects of nuclear interactions
which are not accessible with normal nuclei. The problem of the PNC effects in
exotic nuclei has been addressed in the last sections [19] where it was shown that the
PNC mixing in halo nuclei can be considerably enhanced as compared to the case
of normal nuclei. It is therefore interesting to examine the anapole moments of the
exotic nuclei.

Let us estimate the anapole moment of an exotic halo nucleus, focusing on the
case of ''Be which has been extensively studied both experimentally and theoretically
[11, 12, 13, 15, 16]. We call the resulting anapole moment “anomalous” as it exceeds
by fifteen times the average anapole moment of a normal nucleus of the same mass
and is bigger than the anapole moment of any known neutron-odd nucleus. The value
of the anapole moment is even twice bigger than that of lead.
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Supplement B

11 Nuclear spin dependent PNC interaction of a lepton with nucleus via
the anapole moment

The part of the Hamiltonian of the nucleus-lepton system in which we are interested in can
be written in the form

H = Hy + Vies + Wene + Hpye + hipyes (65)

where H =), [pz2 /2m + Us(l‘i)] is the single particle Hamiltonian of the nucleons with

momentum p and mass m in the single-particle potential Ug(r); V,%

os 15 the residual strong

interaction. The operator Wpy ~ is the weak PNC nucleon-nucleon interaction [1]. The term
HIZZ_VGC describes the interaction of the lepton with the vector potential A py¢ created by
the nucleus, in which we save only the PNC part,

Hy o =ela-Apne) = e(a-(a))A(r) (66)

where @ denote the Dirac matrices [33] for the lepton and A(r) is a function sharply peaked
in the region of the nucleus (it reduces to the d-function on the scale of the atomic electron
spatial motion), e is the proton charge, €2 = 1/137. The last term, h'iNe is the part of
the neutral current interaction contributing to the PNC nucleus-lepton forces depending on
nuclear spin,

n—e __ E [1/2 B <_1)j+l+1/2(j + 1/2)]
PNC = fne iG+1)

where e = (5/8)(1 — 4sin? 0) with § the Weinberg angle.
The vector (a) is the expectation value of the anapole moment operator

(- a)A(r), (67)

a= -7 / d*r r2J (68)

in the nuclear ground state, where J is the nuclear electromagnetic current. Its is convenient
to define the “anapole moment”, K, rewriting Eq. 66 according to [35]

n—e __ _ G (_1)j+l+1/2(j + 1/2) .
prne = ela(@)A(r) =k ﬁ G+ 1) (J-a)A(r), (69)

where j is the nuclear spin in the ground state which coincides with the angular momentum of

the external nucleon if one works in the single-particle approximation; where G = 107°m—2
is the Fermi constant and m is the nucleon mass. The factors depending on j and on the
orbital angular [ of the external nucleon absorb the spin-angular dependence of the anapole
expectation value (a), and the anapole moment x chosen in this way contains merely the
nuclear structure information.
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In the single-particle approximation, the most important part of the anapole moment
operator 68 can be written [35, 29] as the sum of the spin-current term and an additional

term da
T

e
a=_— Z w; (ri X o) + da, (70)

which includes other contributions. Here, o are the spin Pauli matrices, p are the nucleon
magnetic moments (+2.79 for proton and —1.91 for neutron). The last term in Eq. 70
abbreviates contribution from the orbital current and the corrections which come basically
from the interaction many-body contributions (e.g., from the weak forces) to the electro-
magnetic current [25, 29, 36]. They are proportional to the charge of the external nucleon,
and in our case (external neutron) the first term in Eq. 70 dominates in the single-particle
approximation.

The expectation value of 70 in any eigenstate of the nuclear Hamiltonian, Hy + V.,
is zero unless parity violating forces Wp .~ are taken into account. As a result of the PNC
weak interaction Wy in the Hamiltonian 65, a nuclear state of definite parity |1), acquires
very small admixtures of wrong parity configurations ]&n) This can be accounted for by
using the first order of perturbation theory with respect to Wpy . Thus the expectation
value of the anapole moment operator a in the state |1z> with energy E' containing the PNC
admixtures is

@lall) = 3 (L) G, gy — iy Lol M)y

where sum runs over the opposite parity states \{bn> In a finite nucleus, a nucleon experiences
the combined action of the two-body PNC forces Wp ¢ [1] from other nucleons, which can
be modeled [2] by the effective one-body PNC weak potential wpnc (see Eq. 49)

WpPNC = ngm{(ap), P}

where the curly brackets denote anticommutator. The nuclear core density p = > \¢Occ|2 in
oce
47 reflects the coherent contribution from all the occupied nucleon orbitals. The dimensionless

constants g for proton and neutron are g, = 4.5+2, g, = 1£1.5. These widely used values
[2, 25, 35, 26] correspond to the best values [1] of the microscopic parameters in the DDH
Hamiltonian [1]. They are found in reasonable agreement with the bulk experimental data
on PNC including the compound nuclear experiments by TRIPLE group [3] and anapole
moments of stable nuclei [32].

12 Weak interaction and the anapole moment in halo nucleus

The basic specific properties of the halo nuclei are determined by the fact of existence
of loosely bound nucleon in addition to the core composed by the rest of the nucleons
[13].

In one-body halo nuclei like ''Be, the ground state is particularly simple:
it can be represented as direct product of the single-particle wave function of the
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external neutron, ¥;,,;,, and the wave function of the core. The spin-saturated core
does not contribute to 71. The residual interaction V7, in Eq. 65 can be neglected
as the many-body effects related to the core excitations are generically weak in such
nuclei [34]. As a result of the relatively heavy core for A ~ 10, difference between the
center of mass coordinate and the center of core coordinate can also be neglected.
The problem with the Hamiltonian 65 and 47 is reduced to a single-particle problem
for the external nucleon. For the nucleus with the external neutron, as is the case for
the halo nucleus 'Be, the orbital part of the anapole operator 70 does not contribute.

Using the reduced matrix elements of the spin-angular part of the operator 70,

. 25 +1
gl x ol gm) = (=172 ), | =,

i +1)
the anapole moment can be expressed in terms of the radial wave functions R,;; as
follows:

2741, €2gn 7 , .
T T Z/TQd”’ Ruwj [p(dRuj/dr + (1= )20+ 1= j) Ruj/7)
n'l'j
+ (dp/2dr) Rpy;] / r3dr Ry i Rt | (Enij — Enr;) - (72)
0

In a halo nucleus like ''Be or ''Li, the energy spacing between the opposite parity
weakly-bound states can be small [11, 12, 13, 15, 16, 34]. The PNC effect in 72 can
therefore be considerably magnified [19]. The nucleus ' Be has the only bound excited
state, 1py /2, above the ground state 251/, [11, 12, 15, 16] (inversion of levels). As a
result of the small energy separation between these levels of opposite parities which is
known experimentally, Eq. 62, one can save the only 1p; /o term in the expression 72
for the anapole moment x of the ground state 2s; /5. The form of the single-particle
wave functions of halo states can be deduced from their basic properties [16] and their
quantum numbers [12]. The results of the Hartree-Fock calculations which reproduce
the main halo properties (e.g., mean square radii) are also available [12]. We use the
following ansatz [19, 9] for the model wave functions of the 2s and the excited 1p halo
states as given by Eq. 51. The core nucleon density p.(r) has been taken according
to Eq. 56,as shown on Fig. 7(a). Evaluation of Eq. 72 with the wave functions 51
and the core density 56 gives the expression for the anapole moment in terms of the
parameters of Eq. 57.

The results for the densities are shown in Fig.7(a). One sees good agreement
with the Hartree-Fock calculations [12]. The values of the halo radii given by 54,

(r3,) = 5.9 fm and ,/(r%p> = 4.9 fm are close to the values of Ref.[12] 6.5 fm and
5.9 fm which agree with experimental matter radii.
With the above values of the parameters, one obtains from 72 the resulting

value of the anapole moment

r ("'Be) =0.17g, = 0.17 (for g, ~1). (73)
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Figure 7 (a) Densities R%(r) for the halo states 2s and 1p as function of  and the core
density p.(r) calculated from Egs. (51,56) (solid lines). The Hartree-Fock results for the
same quantities [12] are given by the dashed line, the dotted line and the dotted-dashed
line, respectively. (b) “Halo anomaly” in ' Be: the value « (1'Be) (circle) as compared
to the absolute values of the anapole moments of normal neutron-odd nuclei (solid curve)
and the neutral current contribution x,. = 0.05 (dashed curve).

It is few times bigger than the contribution from neutral current —x,. = —0.05.
Thus the nuclear spin-dependent PNC interaction of a lepton with the halo nucleus
is dominated by the anapole moment contribution, as in heavy nuclei.

To appreciate how big the value (HBe) is, one can compare 73 to the anapole
moment of the normal spherical nucleus with odd neutron which is given by [35]:

9 gne’p
Rnorm = E%TORAQ/?)’ (74)
where 79 = 1.2 fm is the nucleon radius. Resulting from the PNC toroidal electro-
magnetic currents, the anapole moment grows fast (o A?/ 3) as the size of the system
increases [25, 35]. For this reason, the anapole moments of normal light nuclei give
only a small correction to the neutral current lepton-nucleus PNC interaction (see
Fig. 7(b)). From 73 and 74, we find the ratio of the anapole moment to its value in
a nucleus with the same A ( enhancement factor):
11
k(**Be
Ruuio = g = 15. (75)
K;TLOTm
In fact, the anapole moment 73 exceeds few times the anapole moments of any known
odd nucleus, as seen in Fig.7(a). For example, the x(}1Be) is two times bigger than
the anapole moment of nucleus as heavy as lead [35],

x(20"Pb) = —0.08g,.
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The remarkable enhancement factor 75 in 73 comes from the two features of
the halo structure: a) enhancement of the PNC mixing in the halo ground state [the
first factor in Eq. 76] and b) enhancement of the matrix elements of the anapole
operator in halo states:

w Whalo Thalo
Fhato AFE (wnorm) <7"norm> ’ (76)
where the second factor is the ratio of the halo weak matrix element wy,q,, Eq. 47, to
the normal one, w;,orm, which is less than unity. The parity violating effect originates
from the weak interaction of the external halo neutron with the core nucleons in
the nuclear interior. As a result, the neutron halo cloud surrounding the nucleus
acquires the wrong parity admixtures. Those give rise to the PNC toroidal currents

in the nuclear exterior (the halo region) which results in additional enhancement of
the anapole moment [the last factor in 76].

13 Many-body corrections to the anapole moment

We discuss now the stability of the results against possible distortions of the wave
functions 51. Table 10.2 shows the values of the anapole moment calculated for
various values of the parameters ry and 71 in the wave functions 51. As is seen from
the Table, the results are stable with respect to variation of the details of the halo
structure.

ro=135 | 70 =140 | 190 =145 | 1o =1.50 | 1o = 1.55
r1 = 1.70 1.26 1.15 1.05 0.96 0.87
r1 = 1.75 1.23 1.12 1.03 0.94 0.85
ry = 1.80 1.19 1.09 1.00 0.91 0.83
ry = 1.85 1.16 1.06 0.97 0.89 0.81
r1 = 1.90 1.12 1.03 0.95 0.87 0.80

Table 10.2 - Dependence of K (llBe) on the halo parameters 79 and r1 in Eq.57;
the ratios of Kk to the result 60 are given. The central entry in the table corresponds to the
optimal values used in 60. It is seen that variations in 79 and 71 do not appreciably affect
60.

We consider now the influence of possible many-body contributions (see, e.g.,
[39, 40]) to the halo wave functions 51 on the present results based on single-particle
picture.
The generalized wave function of the halo ground state, |s), can be written
as a sum
s) =(1— 33?)|58p> + Zs|Smb),

where |sgp) is the purely single-particle s-state in Eqgs. 71 and 51, and |S,,;) denotes
the many-body contributions due to core polarization, deformations etc., which have
not been considered yet. The coefficient x5 (0 < x5 < 1) is the amplitude of the many-
body contribution which is assumed to be properly normalized, (S;,5|Smp) = 1. The
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anapole moment can be evaluated in the same way as above, using Eqs. 70, 71 and 47
and substituting the state |s) instead of |s,p). Both the anapole moment operator 70,
the weak potential 47 are the single-particle operators, so they can not connect the
single-particle wave function |ps,) 51 with the many-body component |S,,;). Thus

(Smplalpsp) =0 and (Smplwpne|psp) = 0. (77)

The anapole moment # in the state |s) is now given by the simple renormalization of
the result obtained above,

i=(1-22)k,
where & is the single-particle result 72, 57 and 73. Similarly to Eq. 77, one can take
into account many-body contributions |P,;) to the excited p-state |ps,) (51) with
the amplitude z, [p) = (1 — 22)|psp) + @p|Prp). In this case, the modified result for
the anapole moment is:

f=r (1= 221~ a2) + wapy[(1— 22)(1 — 22)(u+0) + wyapuo], (79)

where u = (Spp|alPrp)/(Smblalpms) and v = (Smplwpne|Pmb) /(SmblwpNe |Pms) de-
note the ratios of the matrix elements of the anapole (weak interaction) between the
many-body components S,,;, and P,,; to their values for the single-particle states.
One can note that the matrix elements of the single-particle operators between the
many-body wave functions are generically suppressed as compared to those between
the single-particle states, so that the factors w and v can be neglected for the sake of
estimate.

According to experimental results [41], the many-body contributions to the
halo ground state in 'Be are rather small, ~ 16%. Assuming the many-body correc-
tions to the excited states of the same magnitude, x, ~ z,, one can conclude from
Eq. 78 that the results obtained in the single-particle approximation could hardly be
reduced by more than 30 per cent.

The corrections due to the many-body admixtures in the halo states are there-
fore about the same order of magnitude as the many-body corrections to the operators
70 and 47. They can be taken into account in more refined calculations using detailed
information on the wave function structure.

The curious “halo anomaly” illustrated in Fig. 7(b) can be quite interesting
in a number of respects. First, the search for sources of enhancement in anapole
moments has been always important from the experimental viewpoint. Possibilities
offered by the normal nuclei are rather limited here. The most promising case of de-
formed nuclei, where one can find close levels of opposite parity near the ground state,
does not offer any enhancement because of the suppression in the matrix elements of
a [35]. In this respect, the anomalies in anapole moments of exotic nuclei like ' Be
seem to give unexpected opportunity. Secondly, the anapole moment of neutron-rich
nuclei is determined by the neutron weak constant g,, only. Usually, the sensitivity of
experiments to the value of this constant is “spoiled” by relatively large value of the
proton weak constant g, in Eq.47. The large enhancement of the anapole moment
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in neutron halo nuclei provides therefore an unique opportunity to test the isospin
structure of the weak potential 47 which is of great interest [7].

One should note that the nucleus ! Be has a rather long life-time (13.81 sec).
This makes therefore possible, at least in principle, the atomic measurements of the
hyperfine structure effects in traps planned for the ISOL facility where the anapole
moment can be detected.

It would be also interesting to consider mesic atoms with exotic nuclei, where
the effect can be further enhanced, as the heavy lepton orbits are closer to nucleus
than in usual atoms. The case of proton rich nuclei where the effect must be more
pronounced due to numerical value of the constant g,, is also of separate interest.
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