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Nucleus-nucleus scattering at high en-
ergies
1 Eikonal wavefunction

The free-particle wavefunction
 � eik�r (1)

becomes �distorted�in the presence of a potential V (r ) . The distorted wave (DW)
can be calculated numerically by solving the Schrödinger equation

� ~
2

2m
r2 (r ) + V (r ) (r ) = E  (r ) (2)

with the condition that asymptotically  (r ) behaves as 1. This is done after a partial
wave decomposition of  (r ), since in most situations V (r ) � V (r) is spherically
symmetric. For each partial wave the equation to be solved is�

d2

dr2
+ k2` (r)

�
�`(r) = 0 ; (3)

where

k`(r) =

�
2m

~2

�
E � V (r)� `(`+ 1)~2

2m r2

��1=2
: (4)

The asymptotic behavior of �`(r) is

�`(r) � sin
�
kr � � ln 2kr � 1

2
�`+ �`

�
; (5)

where �` is the phase-shift and

k =
mv

~
; � =

Z1Z2e
2

~v
: (6)

The phase-shifts are found by solving Eq. 3 numerically and by matching the solution
with the asymptotic Eq. 5. Only for a pure Coulomb �eld is there an analytic solution,
namely

�C` = arg �(`+ 1 + i�): (7)

The distorted wavefunction is composed of an incident plane wave and a scat-
tered wave

 �= eik�r + f(�)
eikr

r
; (8)

where is f(�) called the scattering amplitude. The scattering amplitude can be ex-
panded in terms of partial waves:

f(�) =
i

2k

X
`

(2`+ 1)
�
1� e2i �`

�
P`(cos �): (9)
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It is also convenient to write the scattering amplitude as

f(�) = fC(�) + fN(�) (10)

where

fC(�) =
i

2k

X
`

(2`+ 1)
h
1� e2i �

C
`

i
P`(cos �)

= �a0
2

1

sin2 �=2
exp

�
�i� ln

�
sin2

�

2

�
+ 2i�C0

�
(11)

is the Coulomb scattering amplitude, and

fN(�) =
i

2k

X
`

(2`+ 1)e2i�
c
`

h
1� e2i �

N
`

i
P`(cos �) (12)

is the nuclear scattering amplitude. In the equation above

�` = �C` + �N` (13)

and

a0 =
Z1Z2 e

2

2E
: (14)

In this formalism, the total reaction cross section is given by

�R =
�

k2

X
`

(2`+ 1)
�
1� exp

�
�2Im�N`

��
: (15)

The quantity exp
�
�2Im �N`

	
is often called the transmission coe¢ cient and is an

attenuation e¤ect due to the imaginary part of the optical potential.
The solution of 3 (to obtain �`) involves a great numerical e¤ort, especially

at large bombarding energies E . Fortunately, at large energies E a very useful
approximation is valid when the excitation energies �E are much smaller than E
and the nuclei (or nucleons) move in forward directions, i.e., � � 1 .

Calling r = (z;b ), where z is the coordinate along the beam direction, we
can assume that

 (r ) = eikz �(z;b ); (16)

where � is a slowly varying function of z and b , so that��r2�
��� k jr�j : (17)

In cylindrical coordinates 2 becomes

2ik eikz
@�

@z
+ eikz

@2�

@z2
+ eikzr2

b��
2m

~2
V eikz � = 0
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or, neglecting the 2nd and 3rd terms because of 17,

@�

@z
= � i

~v
V (r )� (18)

whose solution is

� = exp

�
� i

~v

Z z

�1
V (b; z0)dz0

�
: (19)

That is,
 (r) = exp fikz + i�(b; z)g ; (20)

where

�(b; z) = � 1

~v

Z z

�1
V (b; z0)dz0 (21)

is the eikonal phase. Given V (r ) one needs a single integral to determine the wave-
function: a great simpli�cation of the problem.

The eikonal approximation, in the same form as given by Eqs. 20, can be
obtained from the Klein-Gordon equation with a (scalar) potentialV . The proof can
be found in some textbooks, e.g., Ref. [2].

Supplement A

1.1 Green�s function

The solution of the Schrödinger equation for E > 0 (scattering states) is denoted by
 +k (r ) where the plus sign indicates that the asymptotic behavior is that of an outgoing
spherical wave.  �k (r ) is also a solution of the same Schrödinger equation but has the
asymptotic behavior of an incoming spherical wave. From time-reversal invariance

 ��k (r ) =  +�k(r ); (22)

which gives, from Eq. 8,

 �k (r ) �!
r!1

eik�r + f �(� � �)
e�ikr

r
: (23)

Thus, we concentrate on  +k and if the sign is not given  +k is understood. We
denote �k = eik�r .

The Schrödinger equation is

(E �H0) k(r ) = V (r ) k(r ) (24)

where H0 is the kinetic energy operator. �k obeys the equation

(E �H0)�k = 0: (25)
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It also obeys the equation

(E �H0)�k0 = (E � E 0)�k0 ; (26)

the orthogonality conditionZ
��k(r

0)�k0(r )d
3r = (2�)3�(k� k0); (27)

and the closure relation Z
��k(r

0)�k(r )d
3k = (2�)3�(r� r 0): (28)

It is useful to expand the scattering solution in terms of �k ,

 k(r ) =

Z
a(k0)�k0(r )d

3k0: (29)

Using this in Eq. 26, Eq. 24 becomesZ
a(k0)(E � E 0)�k0(r )d

3k0 = V (r ) k(r ): (30)

Multiplying by ��k(r ), integrating over r, and using 28 we get

(2�)3(E � E 0)a(k0) =

Z
��k0(r )V (r ) k(r )d

3r: (31)

Putting this back into Eq. 29 we have

 k(r ) =

Z
a(k0)�k0(r )d

3k0 =

Z
G0(r; r

0)V (r 0) k(r
0)d3r0 (32)

where G0(r; r 0) is given by

G0(r; r
0) =

1

(2�)3

Z
�k0(r)�

�
k0(r

0)

E � E 0
d3k0: (33)

The general solution of Eq. 24 is obtained by adding any solution of the homogeneous
Eq. 25 to Eq. 32. I.e.,

 k(r ) = �k(r ) +

Z
G0(r; r

0)V (r 0) k(r
0)d3r0: (34)

Using 26 we obtain that G0(r; r 0) satis�es the equation

(E �H0)G0(r; r
0) =

1

(2�)3

Z
eik

0�(r�r 0)d3k = �(r� r 0): (35)
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Eq. 33 has poles in k = �k0 . We can eliminate these poles by de�ning G0(r; r 0)
as

G�0 (r; r
0) = lim

�!0�
1

(2�)3
2m

~2

Z
�k0(r )�

�
k0(r

0 )

k2 � k02 � i�
d3k0 (36)

where � is a small positive quantity which is allowed to go to zero after the integration is
performed. The integral in 36 is easily obtained by the residue technique. One gets

G�0 (r; r
0) = � m

2�~2
e�ikjr�r

0j

jr� r 0j : (37)

The � sign arises from the residues in the k0-plane at +� and �� , respectively.
Assuming that V (r 0) falls o¤ rapidly with r 0 so that in the asymptotic region r � r0 ,
we can approximate

jr� r 0j�1 ! 1

r

exp f�ikjr� r 0jg ! exp f�i(kr � k0 � r 0)g (38)

where k0 = kr̂ .
Using 37, 38, and 34 we get

 �k (r ) �!
r!1

eik�r � m

2�~2
e�ikr

r

Z
e�ik

0�r 0V (r 0) �k (r
0)d3r0: (39)

Thus the � sign in G�0 is associated with the � sign of  k .
As a by-product we obtain for the scattering amplitude

f(�) = � m

2�~2

Z
e�ik

0�r 0V (r 0) +k d
3r0: (40)

Multiplying 26 by (E �H0)
�1 we get

1

E �H0

(E �H0)�k0(r ) = (E � E 0)
1

E �H0

�k0(r )

from which we obtain
1

E �H0

�k0(r ) =
1

E � E 0
�k0(r ): (41)

Thus, �k0 are eigenfunctions of the operator (E �H0)
�1, with eigenvalues 1=(E � E 0)

where E 0 > 0 and E 6= E 0 . For E = E 0 the operator (E � H0)
�1 is not de�ned.

Similarly, from Eq. 24 we obtain

 k(r ) = (E �H0)
�1 V (r ) k(r ):

Removing the divergence by inserting a small quantity � and adding the solution of the
homogeneous equation we get the formal solution

 �k (r ) = �k(r ) + (E �H0 � i�)�1V (r) k(r ): (42)
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This is a solution of the Schrödinger equation only when � ! 0 .
Comparing 34 with 42 we see that formally the Green�s function is given by

G�0 =
1

E �H0 � i�
: (43)

We can check this by using Eq. 41 which can be written in the more general form

1

E �H + i�
jmi = 1

E � Em + i�
jmi

where H is any Hamiltonian and jmi are the corresponding eigenfunctions. Multiplying
on the right by hmj , summing over m and using closure (

P
m jmihmj = 1) we get

1

E �H + i�
=
X
m

1

E � Em + i�
jmihmj (44)

where
P

m implies summation over discrete eigenstates and integration over continuous
eigenstates. If H is replaced by the kinetic energy operator H0 and jmi are replaced by
the continuous eigenstates (2�)�3=2 jk i equation 44 reduces to

1

E �H0 + i�
=

1

(2�)3

Z
d3k0

jk0ihk0j
E � E 0 + i�

(45)

which is identical with Eq. 36, G0(r; r 0) = hrjG0jr 0i . Eq. 42 can also be written formally
as

j �i = j�i+G�0 V j �i: (46)

Eq. 46 is know as the Lipmann-Schwinger equation. It can be solved by iteration,
�rst replacing j �i by j�i on its r.h.s., then replacing by j�i +G�0 V j�i, and so on. This
is yields the Lipmann-Schwinger series.

2 Elastic scattering of spinless particles

The �outgoing�wavefunction of a particle scattered by a potential V (r ) is given by
Eq. 34, i.e.,

 +(r ) = eik�r � m

2�~2

Z
eikjr�r

0j

jr� r 0j V (r
0) +(r 0)d3r0; (47)

where m is the particle mass.
For r � r0 , we expand jr� r0 j ' r � r � r 0=r and obtain

 +(r ) = eik�r � f(�)
e+ikr

r
(48)

where f(�) is given by 40.
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Using the eikonal wavefunction 20 for  +(r ) in Eq. 40, we obtain

f(�) = � m

2�~2

Z
d2b ei(k�k

0)�b
Z 1

�1
dz ei(k�k

0):k̂ z

� V (r ) exp

�
� i

~v

Z z

�1
V (r 0)dz0

�
: (49)

But, for � � 1 , (k� k 0) � k �= 0, andZ 1

�1
dz V (r ) exp

�
� i

~v

Z z

�1
V (r 0)dz0

�
= i~v exp

�
� i

~v

Z z

�1
V (r 0)dz0

�����1
�1

= i~v
�
ei�(b) � 1

	
where

�(b ) � �(b;1) = � 1

~v

Z 1

�1
V (b; z0) dz0 (50)

is the total eikonal phase.
Denoting

q � �k = k� k 0; q = 2k sin �=2 (51)

we get

f(�) = � ik
2�

Z
d2b eiq�b

�
ei�(b ) � 1

�
: (52)

If the potential is spherically symmetric, �(b) is a function of the absolute
value of b only and using Z 2�

0

d� eiqb cos� = 2� J0(qb) ;

we obtain,

f(�) = �ik
Z
db b J0(qb)

�
ei�(b) � 1

�
: (53)

Thus in the eikonal approximation the elastic scattering amplitude f(�) is obtained
from two simple integrals: Eqs. 50 and 53.

The elastic scattering cross section is given by

d�el
d�

= jf(�)j2 (54)

Supplement B
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2.1 Coulomb amplitude and Coulomb eikonal phase

In general, the scattering potential is given by

V (r ) = UoptN (r) + UC(r) (55)

where UoptN is the nuclear optical potential and UC(r) = Z1Z2e
2=r is the Coulomb po-

tential between the nuclei.
Since UoptN (generally complex) is well localized in space, the eikonal phase for

the nuclear part of 55 is obtained by a well convergent integral Eq. 50. However, the
integral diverges logarithmically for the Coulomb potential. This is due to the use of the
approximation 17 which is not valid for the (long range) Coulomb potential. But this does
not pose a real problem since an analytical formula can be given for the Coulomb eikonal
phase which reproduces the exact Coulomb amplitude, Eq. 11. The total eikonal phase is

�(b) = � 1

~v

Z 1

�1
UoptN (b; z0)dz0 + �C(b) (56)

where

�C(b) =
2Z1Z2e

2

~v
ln(kb) (57)

We now show that the Coulomb phase, as given by the above formula, reproduces
the Coulomb amplitude in the eikonal approximation. We have

fC(�) = ik

Z 1

0

J0(qb)
�
ei�C(b) � 1

�
bdb

=
ik

q2

Z 1

0

J0(x)

"�
kx

q

�i2�
� 1
#
xdx

=
ik

q2

(�
k

q

�i2� Z 1

0

J0(x)x
i2�+1dx�

Z 1

0

J0(x)xdx

)
where

� =
Z1Z2e

2

~v
; k =

mv

~
; q = 2k sin (�=2) : (58)

Integrating by parts and using Z
xJ0(x)dx = x J1(x)

one gets

f(�) =
ik

q2

�
k

q

�i2�
xi2�+1J1(x)

��1
0
� i2�

�
k

q

�i2� Z 1

0

xi2�J1(x)dx� xJ1(x)

����1
0

=
ik

q2

(
xJ1(x)

�
ei2� ln(kx=q) � 1

���0
1 � 2i�

�
k

q

�i2�
� 2i2� � (1 + i�)

� (1� i�)

)
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where we have used the integral Eq. 6.561.14 of the book of Gradshteyn and Rhyzik [3] in
the last step.

The �rst term in the equation above can be neglected and we get

fC(�) =
2k�

q2

�
2k

q

�i2�
� (1 + i�)

� (1� i�)

But

� (1� i�) = �i�� (�i�) = �i� j� (i�)j
�
ei�0

e�i(�0+�)

where
�0 = arg � (1 + i�) (59)

Therefore,

fC(�) = �
Z1Z2e

2

2mv2 sin2 �
2

exp

�
�i� ln

�
sin2

�

2

�
+ i2�0

�
(60)

which is the exact Coulomb amplitude, Eq. 11 (with �0 � �C0 ).
The phase 59 can also be written as

�0 = ��
 +
1X
k=0

�
�

k + 1
� arctan �

k + 1

�
(61)

where 
 = 0:57721 : : : is the Euler�s constant.
For numerical evaluation it is appropriate to rewrite Eq. 53 as

f(�) = ik

Z 1

0

J0(qb) e
i�C(b)

�
1� ei�N (b)

�
bdb+ fC(�) (62)

which can be easily obtained by adding and subtracting fC to 53 and combining terms.
This is because 1� exp [i�N(b)] drops to zero rapidly for b > R1 +R2 since U

opt
N goes

to zero there. In Eq. 62 we use 60 for fC(�): �N(b) is given by the �rst term of Eq. 56
and �C(b) is given by 57.

A few modi�cations of the Coulomb eikonal phase are need to account for the ex-
tended nature of the nuclear charge distributions. For light nuclei, one can assume Gaussian
nuclear densities, and the Coulomb phase is given by

�C(b) = 2
Z1Z2e

2

~v

�
ln(kb) +

1

2
E1

�
b2

R2G

��
; (63)

with R(i)G equal to the size parameter of Gaussian matter densities of nucleus 1 and nucleus

2, respectively, R2G = [R
(1)
G ]

2 + [R
(2)
G ]

2, and

E1(x) =

Z 1

x

e�t

t
dt : (64)



Spin particles 10

The �rst term in Eq. (63) is the contribution to the Coulomb phase of a point-like charge
distribution. It reproduces the elastic Coulomb amplitude when introduced into the eikonal
expression for the elastic scattering amplitude, as we have shown above. The second term
in Eq. (63) is a correction due to the extended Gaussian charge distribution. It eliminates
the divergence of the Coulomb phase at b = 0, so that

 C(0) = 2
Z1Z2e

2

~v
[ln(kRG)� 
] (65)

where 
 is the Euler�s constant.
For heavy nuclei a �black-sphere�absorption model is more appropriate. Assuming

an absorption radius R0, the Coulomb phase is given by

�C(b) = 2
Z1Z2e

2

~v

n
�(b�R0) ln(kb) + �(R0 � b)

h
ln(kR0)

+ ln
�
1 + (1� b2=R20)

1=2
�
� (1� b2=R20)

1=2 � 1
3
(1� b2=R20)

3=2
io

: (66)

Again, the �rst term inside the curly brackets is the Coulomb eikonal phase for
pointlike charge distributions. The second term accounts for the �nite extension of the
charge distributions.

3 Spin particles

In the scattering of a spin-
1

2
particle by a nucleus, e.g., proton-nucleus scattering,

the optical potential contains a spin-orbit term, i.e.,

UoptN = UN(r) + US(r)� � L (67)

where
L =

1

~
(r� p ); s =

1

2
�; (68)

and the Dirac matrices � = (�1; �2; �3) obey the commutation rule

�i�j + �j�i = 2�ij: (69)

As in the spinless case, the distorted wavefunction can be written as

 r(r )
�= eik�r '(r )ui(k ) (70)

where ui(k ) is a spinor wavefunction. One obtains

'(r ) �= exp
�
� i

~v

Z z

�1
dz0
n
UN(b; z

0) + US(b; z
0)� � (b� k̂)k

o�
(71)
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since z = zk̂ .
The eikonal amplitude is

f(�) =
k

2�i

Z
eiq�b

n
ei�N (b)+i�S(b)��(b�k̂)k � 1

o
d2b (72)

where

�N(b) = �
1

~v

Z 1

�1
UN(b; z)dz; �S(b) = �

1

~v

Z 1

�1
US(b; z)dz : (73)

Using 69

exp
n
i�S(b)� � (b� k̂ )k

o
=
X
n

1

n!

h
i�S(b)� � (b� k̂ )k

in
=

X
n=odd

1

n!
(kb)n [i�S(b)]

n � � (b̂� k̂ ) +
X
n=even

1

n!
(kb)n [i�S(b)]

n

= i� � (b̂� k̂ ) sin [kb�S(b)] + cos [kb�S(b)] : (74)

Including the Coulomb amplitude as in 62 we obtain

f(�) =
ik

2�

Z
d2b eiq�b ei�C(b)

�
1� ei�N (b)+i�S(b)��(b�k )

�
+ fC(�) (75)

which, by using 74 becomes

f(�) =
ik

2�

Z
d2b eiq�b

n
�0(b) + i� � (b̂� k̂)�1(b)

o
+ fC(�) (76)

where the pro�le functions �0(b) and �1(b) are de�ned as

�0(b) = ei�C(b)
�
1� ei�N (b) cos [kb�S(b)]

	
;

�1(b) = �ei�C(b)+i�N (b) sin [kb�S(b)] : (77)

It is more convenient to rewrite 76 as

f(�) = F (�) + (� � n̂)G(�) (78)

where n̂ =
k� k 0
jk� k 0j . The azimuthal integrals in 76 can be easily performed,

�

F (�) = fC(�) + ik

Z 1

0

J0(qb)�0(b)bdb

G(�) = �ik
Z 1

0

J1(qb)�1(b)bdb: (79)

�� � (b � k̂) = (� � n̂)bjj , where bjj is the component of b parallel to k 0. So, � � (b �
k̂) = (� � n̂)b cos � . The component of b perpendicular to k � k 0 de�nes another term,
proportional to (� � �) , which is unnecessary by symmetry arguments.
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Since J1(x = 0) = 0; G(� = 0) = 0 , which is a consequence of the conservation of
angular momentum + spin.

For unpolarized beams

d�el
d


=
1

2

X
spins

jf(�)j2 = jF (�)j2 + jG(�)j2: (80)

4 Total reaction cross sections

According to the unitary theorem (see [4]) the total scattering cross section is given
by

�tot =
4�

k
Imf(� = 0o): (81)

Using 52 we obtain

�tot = 2

Z �
1� Re ei�(b )

�
d2b: (82)

We can also verify 82 by an integration of 54 over angles, using the eikonal
amplitude f(�); 52;Z

jf(�)j2d
k =

�
k

2�

�2 Z
ei(k�k

0)�(b�b 0) �ei�(b ) � 1	
�
n
e�i�(b

0) � 1
o
d2b d2b0 d
k0 : (83)

But

d
k0 = sin �d�d� =
k2 sin �d�d�

k2
�=
(k�d�) (kd�)

k2
valid for � � 1

�=
kd�dk

k2
=
d2k0

k2
: (84)

Furthermore, using Z
e(k�k

0)�(b�b 0)d2k0 = (2�)2 �(2)(b� b 0) (85)

where �(2)(b� b 0) is a two-dimensional delta-function, we �nd

�scatt =

Z ��ei�(b ) � 1��2 d2b: (86)

For �(b ) real (real optical potential), 86 reduces to 82.
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However, when �(b ) is complex (optical potential has an imaginary part). 86
is not equal to 82. The di¤erence is equal to the reaction cross section. That is,

�R = �tot � �scatt =

Z h
1�

��ei�(b )��2i d2b = Z [1� T (b)] d2b (87)

where T (b) =
��ei�(b )��2 = e�2 Im�(b ) is known as the transparency function.

Supplement C

5 The �t���approximation

The theory of multiple scattering has been studied by many other authors, besides Glauber.
Particularly useful for our purposes are the results obtained by Kerman, McManus and
Thaler [5].

For a review of the theory we refer to Ref. [6]. The basic idea is that the nucleus-
nucleus potential at a separation distance R is proportional to a folding of the nucleon
densities. The proportionality constant is the t-matrix for nucleon-nucleon scattering at
forward angles, namely tNN(� = 0o; E) = � (2�~2=�) fNN(� = 0o; E);where � = m=2.
In other words

UoptN (R ) �= tNN(� = 0
o; E)

Z
d3r�1(r )�2(R+ r )

= �2�~
2

�
fNN(� = 0

o)

Z
d3r�1(r )�2(R+ r ): (88)

This approximation assumes that only binary collisions between the nucleons occur
and that each nucleon interacts once only. Multiple nucleon-nucleon collisions lead to
corrections to 88 and involve nucleon-nucleon correlation distances in matter (see [6]).

From the optical theorem, Im f(� = 0o) = (k=4�)�NN , and de�ning

� =
RefNN(� = 0

o)

ImfNN(� = 0o)
(89)

we can rewrite 88 as

UoptN (R ) = ��NN
~v
2
(�+ i)

Z
d3r �1(r)�2(R+ r ): (90)

The value of the nucleon-nucleon cross section, �NN , which enters Eq. 90 is some-
what modi�ed by the Pauli-blocking (for a study of the e¤ect see Ref. [6]). But, since the
elastic and inelastic cross sections are mainly dependent on the peripheral collisions between
the nuclei, with poor nuclear overlap, �NN is not appreciably modi�ed there, at least for
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highly energetic collisions. Thus, to construct the �t���optical potential only needs the
values of �NN ; � , and the ground state densities �i(r ).

Good parametrization of the ground state nuclear densities are given by Gaussian
distributions for light nuclei (e.g., �0s and 12C) or by Fermi functions for heavy nuclei
(e.g. 40C and 208Pb).

R a c
Nucleus Model (fm) (fm) (fm)
4He Gaussian 1.37
12C MF 2.335 0.522 �0.149
16O MF 2.608 0.513 �0.051
20Ne MF 2.740 0.569 0
28Si MF 3.300 0.545 � 0.18
40Ca MF 3.725 0.591 � 0.169
42Ca MF 3.627 0.594 �0.102
58Ni MF 4.309 0.517 �0.131
90Zr MG 4.522 2.522 0.245
208Pb MF 6.624 0.549 0

Table 2.1 - Data for parameters used in Gaussian, Modi�ed Fermi (MF), and
Modi�ed Gaussian (MG) �ts of the density matter distribution of some nuclei (from Refs.
[7] and [8]).

For a better description slight modi�cations of the Gaussian or Fermi distributions
might be needed. In Table 2.1. we give examples of ground state nuclear densities for some
nuclei, where we use

�(r) = �(0) e�r
2=R2 ; (Gaussian)

= �(0)

�
1 +

cr2

R2

�
f1 + exp [(r �R) =a]g�1 (modi�ed Fermi (MF))

= �(0)

�
1 +

cr2

R2

��
1 + exp

��
r2 �R2

�
=a2
�	�1

(modi�ed Gaussian (MG)).

(91)

For �NN and �NN , the values in Table 2.2 were compiled [9, 10].
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E=A �NN . �NN
(fm2) .

30 19.6 0.87
38 14.6 0.89
40 13.5 0.9
49 10.4 0.94
85 6.1 1
94 5.5 1.07
120 4.5 0.7
200 3.2 0.6
342.5 2.84 0.26
550 3.6 0.04
1000 4.22 �0.2
2200 4.35 �0.3

Table 2.2 - Nucleon-nucleon cross sections. E=A is the laboratory energy per nucleon.

From Table 2.2 we observe that at very high energies (& 500 MeV/nucleon) the
real part of the �t���potential vanishes, i.e.,

UoptN (R ) = �i�NN
~�
2

Z
�1(r)�2(R+ r)d

3r [& 500 MeV ] : (92)

But at Elab/nucleon & 1 GeV the real part of the potential becomes repulsive (see
Table 2.2). In any case, we can write

�R =

Z
[1� T (b )]d2b (93)

where

T (b ) = exp

�
��NN

Z 1

�1
dz

Z
�1(r)�2(R+ r )d

3r

�
: (94)

Eq. 94 has a simple interpretation. The mean free path for a nucleon-nucleon colli-

sion is given by �NN(R) =

�
�NN

Z
�1(r) �2(R+ r)d

3r

��1
. Thus, the probability that

the nuclei �survive�without a nucleon-nucleon collision is given by exp

�
�
R dz

�NN(R )

�
which is a product of the probabilities that the nuclei survive after moving through each
path element dz along the trajectory (assumed to be a straight-line). This probabilistic
interpretation is consistent with the concepts introduced in Chapter 1.

Thus T (b ) is known as the transparency function for a collision with impact pa-
rameter b . Of course, 1� T (b ) is the probability that the nuclei interact at that impact
parameter. Eq. 93 is then the result of two-body collisions in nucleus-nucleus collisions.
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r1
r2R

A , Z
A , Z1 1

2 2

Figure 1 Coordinates used in text.

6 Inelastic scattering

The eikonal approximation is also very useful to calculate the excitation of a nucleus
in a grazing collision with another one. When the excitation amplitude is small so
that the Distorted wave Born approximation can be used (see Chapter 8), we can
write

Tif =
D
 
(�)
k0 (r )�f (r

0)jV (r; r 0)j (+)k (r)�i(r
0)
E

(95)

where  
(�)
k0;k are the (outgoing/ingoing) distorted scattered waves for the c.m. mo-

tion of the two nuclei and �i;f (r
0) are the initial and �nal wavefunctions for the

internal nuclear motion, respectively. We will now describe a method appropriate for
inelastic scattering in high energy collisions, described in Ref. [11]. In the eikonal
approximation

 
(�)�
k 0 (r ) 

(+)
k (r ) = exp f�iq � r+ i�(b )g (96)

where q = k 0�k; b = jr� k̂j .
In 95 V (r; r 0) is the interaction potential between the two nuclei. It can be

taken as the interaction potential between a nucleon in nucleus 1 at position r1 , with
a nucleon in nucleus 2 at position r2 (see Fig. 1). Thus,

Tif =

Z
d3R

D
�
(1)
f (r1)�

(2)
f (r2)

��V (r) e�iq�R+i�(b )���(1)i (r1)�(2)i (r2)E (97)

where
r = R+ r2 � r1: (98)

Using the Fourier transform

V (r ) =
1

(2�)3

Z
d3q V (p )eip�r (99)

the expression 95 becomes

Tif =
1

(2�)3

Z
d3p d3Re�iq�R+ip�R+i�(b ) M(q ) (100)
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where
M(q ) =

D
�
(1)
F (r1)�

(2)
f (r2)

��e�ip�r1V (q ) eip�r2���(1)i (r1)�(2)i (r2)E : (101)

The z-integral can be done immediately, resulting in

Tif =
1

(2�)2

Z
d2b e�iq�b+i�(b )

Z
d2pt e

ipt�bM(p ) (102)

where p is now given by p = pt + qzbz . The indices t and z refer to the direction
perpendicular and parallel to the collision axis, respectively.

For a spherically symmetric optical potential, �(b ) � �(b) and the azimuthal
integrals in Eq. 95 can be easily performed, resulting in

Tif =
1

2�

1X
�=�1

ei��
Z 1

0

db b J�(qtb)e
i�(b)

Z 1

0

dpt pt J�(qtb)

Z 2�

0

d�p e
�i��pM(p ):

(103)
For small energy transfers, and in inter intermediate or high-energy collisions,

the momentum transfer p is predominantly transverse. Thus,

Tif =
1

2�

1X
�=�1

ei��
Z 1

0

db b J�(qtb)M(�; b) e
i�(b) (104)

where

M(�; b) =

Z 1

0

dpt ptJ�(ptb)

Z 2�

0

d�p e
�i��pM(pt): (105a)

The di¤erential cross section for inelastic scattering is obtained by an average
of initial spins and sum over �nal spins, i.e.,

d�

d

=
k0

k

� �

2�~2
�2 1

(2j1 + 1)(2j2 + 1)

X
spins

jTif j2 (106)

where � is the reduced mass of projectile + target. Performing the azimuthal inte-
gration,

d�

d

=

k0

k

� �

4�2~2
�2
(2j1 + 1)

�1 (2j2 + 1)
�1

�
X
�

X
spins

���� Z 1

0

db b J�(qtb)M(�; b) e
i�(b)

����2 : (107)

In high-energy collisions (see Eq. 84) d
 �= 2� qt dqt=k2 . UsingZ
J�(qtb) J�(qtb

0)qtdqt =
1

b
�(b� b0) (108)



Glauber theory of multiple scattering 18

we can write the total cross section as

� = 2�

Z 1

0

db b Pif (b) (109)

where Pif is interpreted as the probability for inelastic excitation in a collision at
impact parameter b :

Pif (b) =
k0

k

�
1

4�2~v

�2
(2j1 + 1)

�1 (2j2 + 1)
�1

� exp f�2Im�(b)g
X
�

X
spins

jM(�; b)j2 : (110)

The di¤erential and total inelastic cross sections probe the structure of the
nuclei through the matrix elements 101 and 105a. For some simple cases (see e.g.
Ref. [11]) these matrix elements can be easily calculated.

7 Glauber theory of multiple scattering

The conditions of validity of the eikonal approximation are that the momentum and
energy transfers in high energy collisions are much smaller than the bombarding
energy. However, the eikonal-Born approximation described in last Section assumes
that the transition ji >! jf > occurs in one step.

Glauber [1] has shown how to treat the general problem of multi-step collisions
using the eikonal approximation. The derivation is quite similar to the one leading
to Eq. 53 and we only present the result here. The inelastic amplitudes (note that

f inel = � �

2�~2
Tif)

f inel(�) =
k

2�i

Z
d2b eiq�b

Z
d3r0 �f (r

0)
�
ei�(b�s ) � 1

�
 i(r

0) (111)

where  i ( f ) denote the initial (�nal) internal wavefunctions of the projectile, or
target (or both) and

s = r 0 � k̂ (k̂ � r 0) � � 0 (112)

is the component of r 0 perpendicular to the propagation direction k̂ .
One can easily show that 95 is a limit of 111 when �� 1 , if the potential V in

95 is assumed to be the same as the one entering in the calculation of � . However, in
some situations one can make a clear distinction between the potential which induces
the excitation and the one which leads to elastic scattering. An example of this is
�-exchange in peripheral nuclear collisions [11]. In this case V = V��exch in 95, while
the nuclei are scattered by a Uoptn + Uc . Then 95 is valid even for �� 1 .

The advantage of using the Glauber amplitude 111 is to treat multiple colli-
sions between the constituents of the nuclei. Then the amplitude is calculated from
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a single fundamental interaction, namely the nucleon-nucleon potential. Fortunately,
as we shall see later, this interaction is not needed and in most situations the only in-
puts needed are the nucleon-nucleon cross sections and nuclear ground-state densities,
which are well known.

For an explicitly many-particle system we replace the single particle wavefunc-
tion  (r ) in 111 by the many-particle wavefunction

 (r )!  (r1; r2; � � � ; rn)

and the single-particle phase shift function �(b ) by the phase shift in the projectile
wavefunction due to multiple collisions with the target nucleons. That is,

�(b� s )!
nX
j=1

�j(b� sj)

Thus, 111 becomes

f inel (�) =
k

2�i

Z
eiq�bd2b

Z
 �f (r1; : : : ; rn)

�
h
ei
Pn
j=1 �j(b�sj) � 1

i
 i(r1; : : : ; rn)

Y
j

d3rj: (113)

which is the well-known Glauber formula for high energy collisions between composite
particles.

8 References

1. R.J. Glauber. Lecture notes on theoretical physics, Interscience, NY, 1959, Vol. I.

2. H.M. Pilkuhn, �Relativistic Particle Physics�, Springer, NY, 1979.

3. I.S. Gradshteyn and I.M. Rhyzik, �Table of integrals, series and products�, Academic
Press, NY, 1965.

4. A. Messiah, �Quantum Mechanics�, North Holland, Amsterdam, 1961.

5. A.K. Kerman, H. McManus and R.M. Thaler, Ann. Phys. (NY) 8 (1959) 551.

6. M.S. Hussein, R.A. Rego and C.A. Bertulani, Phys. Rep. 201 (1991) 279.

7. C.W. de Jager, H de Vries and C. de Vries, At. Data Nucl. Data Tables 14 (1974)
479.

8. P.C. Barret and D.F. Jackson, �Nuclear Sizes and Structure�, Oxford University
Press, NY, 1977.

9. L. Ray, Phys. Rev. C20 (1979) 1957.

10. S.M. Lenzi, A. Vitturi and F. Zardi, Phys. Rev. C40 (1989) 2114.

11. C.A. Bertulani, Nucl. Phys. A539 (1992) 163.

12. J. Hüfner, K. Schäfer, and B. Schürmann, Phys. Rev C12 (1975) 1888.


